Computations of unitary matrix integrals —

some works related to Riemann zeta and
Juchys-Murphy elements

Sho Matsumoto
Nagoya University

October 28th, 2010

Sho MATSUMOTO (Nagoya) Unitary Matrix Integrals 28 October 2010



@ Unitary matrix and Riemann zeta
@ Montgomery conjecture
@ Keating-Snaith conjecture

© Weingarten calculus for U(N)
a Unitary matrix integrals and Jucys-Murphy elements

@ Orthogonal matrix case

Sho MATSUMOTO (Nagoya) Unitary Matrix Integrals 28 October 2010



Unitary matrix

The unitary group:
U(N) = {U = (Up)i<ijen € GL(N,C) | UU" = I},
Normalized Haar measure dU:

d(ViUVy) =dU  for fixed V4, Vo € U(N).

/ 1dU =1.
U(N)
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Weyl's integration formula

Theorem (Weyl)

For any class function f on U(N),

/ f(U)dU:/ f(diag(e’, e, ... e'n))
u(w)

[0,27)¥
x py(e, e .. e)df,db, - - - dby

where

. . . 1 . .
pN(61017 6102’ e elem) — (27T)NNI H |e:0,- . e10k|2.
T 1<j<k<N

Hence the joint density function for eigenvalues of a random unitary
matrix U is given by py.
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“Zeta” on the unitary group

Consider the Characteristic polynomial

Zy(s) .= det(/ — Us) (U e U(N), s e C).
Dirichlet series representation: Zy(s) = YN, a,s”.
Product expression: Zy(s) = Hszl(l — e'ls).
Functional equation: Zy(s) = (det U)(—s)VZy-(s71).
Zeros: eigenvalues of U.
Location of zeros: the unit circle.

Determinantal expression: the definition itself.
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Montgomery conjecture
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Pair correlation: Riemann zeta

Given real numbers a < b, put

G+ =¢G+i)=0,
D) (T) = #1 (7,7) ‘ 0<7,7'< T,

27a 27rb
log T — ’}/ ’}/ — log T

Conjecture [Montgomery (1973)]

For fixed 0 < a < b < o0,

27 2 © sinu?
im —— T) = 1-— du.
7!E>noo T log TD(a’b)( ) /a ( ( Tu ) ) “
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Pair correlation: unitary matrix

Consider eigenvalues of a random unitary matrix from U(N).
The pair correlation function

NI - |
(N 2) /[ 2myN-2 pN(e’¢, e”/’, e’6’37 cee elﬂN)d93 . dQN

This is the probability that two eigenvalues exist around the points
e'? el

Then

Ron(9,¢) =

Ronl®:9) = <2Avlr> - (;:S(i/nv((&__%//?)y
Hence, fixed &, > 0,

im () e (G280 =1 (2rE52)
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Keating-Snaith conjecture
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Keating-Snaith conjecture

Conjecture [Keating-Snaith (2000)]

For each positive integer m,
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Keating-Snaith conjecture

The Keating-Snaith conjecture is proved for only m =1 and m = 2
[Hardy-Littlewood (1918)]: a(1)fy(1) =1 x 1 =1.

G

[Ingham (1926)]: a(2)fu(2) = = X 5551 = 505

h

2
dt ~log T.
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Moments of the characteristic polynomial

Theorem [Keating-Snaith (2000)]
For fixed |s| = 1,

N—l.l(._'_zm)I
det(/ — Us)Pmdu = LY 27
IREE ] ke

G =mme

Hence
i 1/ det(/ — US) AU = fo(m) = TT -2
m ——- e — USs = m) = .
N—oo N™ () v e (m+ j)!
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© Weingarten calculus for U(N)
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Consider an integrable function f on U(N). We would like to

compute an integral
/ F(U)dU.
u(N)

We can apply Weyl's integration formula if f is central.
How can we compute an integral for non-central f 7

ex. a moment of a principal minor of the characteristic polynomial

f(U) == | det((5,-j - 5”ij)1§i,j§k|2m-

In general, we would like to compute an integral for a polynomial in
ujj and l?l,'j.
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Weingarten calculus

U = (ujj): a Haar-distributed random unitary matrix from U(N).

Proposition.

/ Uijy Yipjp = = Uinjo it ji Uiy~ = Uy dU =0
U(N)

unless n = m.

Proposition.

/ UinjUipjp == = Uinja Yigji Uigjy = = - UdU =0
U(N)

unless (i, ...,i,) and (ji,...,J,) are rearrangements of (if,..., )
and (ji,...,J), respectively.
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2 —
/ U11U12U12U22dU =0.
U(N)
/ U1 Upp Uy tppipdU = 0.
U(N

row index : (1,1,1) an d (1,1,2)
column index : (1,2,2) and (1,2, 2).
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Weingarten calculus

Theorem [Collins (2003)]

/ Ui jp Uigjp = * * Uinj Ui ji Uigjs = * * i, dU
U(n)

— Z Z Wg/M (6717,

. o€S . TE€Sy
o (U ) £ N 18 I o Ty 9 £ U R 19

Here the function WgVM (o) is given by

1 £
Wg/M (o) = = ——*(0)
n! /\%Y:" H(,-J)e/\(N +j—1)

which is called the unitary Weingarten function.
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Representation theory

Y,: the set of Young diagram with n boxes.

Yng{)\:()\l 2)\2 > Z)\[) | )\,’6Z>0,|)\| ::Zi)\,-:n}.
Irreducible representations of S, are parametrized by elements in Y,,.
x*: the irreducible character corresponding to \.

fA: the dimension of the irrep corresponding to \.

Example. n = 2.

1 .
u() (D E R
e {oe <t
N(NF1)(N=1) =
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Example of Weingarten calculus

/ U1 Upp Uy Uy U pd U
U(N)

=3 > W™

0€S3 Te{id3,(2 3)}

U(N 2
=23 W& ) = g

0€ES3

/ U1 Upp U3z lip Utz dU
U(N)

2
(N +2)(N+ 1)N(N — 1)(N — 2)°

=W ((123)) =
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Example of Weingarten calculus

Proposition [Novak (2007)]

k+j—i
i+t + o AU =) A2 1] ——
/U(N)|11 22 | () NTj—

AEY (X)) <k (ig)ex
In particular,

|
A2rdU = il .

Hence the random variable v/ Nuj; converges in distribution to a
standard complex Gaussian random variable.
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Example of Weingarten calculus

Let Zx(x; U) = det(x0; + ujj)1<ij<k-

For any complex numbers x, y € C,

/ Zi(x; U)Zk(y; UM)dU
U(N)

()5

r=0
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a Unitary matrix integrals and Jucys-Murphy elements
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Group algebra

C[S,] = {Z flo)o | f(o)e (C}
O'ESn
L*(S,,C) :={f : S, — C | a function}
Product

D)) _glr)r) =) f(o)g(r)or

= Z (Z f(O'Tl)g(T)> o.
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Jucys-Murphy elements

Consider the following elements in C[S,].

=0,

J=(12).
J=(13)+(23).
S=(14)+(24)+(34).

=0 n+2n+@Bn+---+(n—-1n).

They are commute.
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Weingarten and Jucys-Murphy

Theorem [M-Novak (2009 preprint)]

Suppose N > n. In C[S,],
(0.0)
gV N) —n—k
M =3 (1) N he(h, Jo, ., ),
k=0
where hi(x1, X2, ..., x,) is the k-th complete homogeneous symmetric
polynomial
hi(x1, X2, -« -, Xp) = Z XPEX52 e X,
a1,a,...,an >0
ay+az+--+an=k

Sho MATSUMOTO (Nagoya) Unitary Matrix Integrals 28 October 2010 25 / 41



Expressions for Weingarten functions

(1)
Wgl/W (5 :/ Uiilig(iy | dU.
(o) o | [ ity

i=1

(2) In C[S,], the element Wg,‘,j(N) is the inverse of the function
Sn S0 N(Number of cycles in a).

A
weum — 1 f A
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Asymptotic behavior

Theorem [M-Novak (2009 preprint)]
Suppose N > n. Then

Wel(o) = Y (-1 24

k>0

where a (o) is the multiplicity of o in hi(Jy,. .., Jp).
In other words, ax(co) coincides with the number of sequences
(s1,t1,8, b2, ..., Sk, t) € {1,2,..., n}*2K satisfying

@ s5; < tjforall /.

0l <tH<--- <t <n

0 0=_(s t1)(s2 ta) - (sk tk).
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Asymptotic behavior

Corollary [M-Novak (2009 preprint)]
Suppose N > n. If 0 € S, is of cycle-type € Y,, then

U(N) _ )= o(p) an—o(u)+2k (0
Wg, ( = g Z N2n— e(u)+2k
with
(2m)!
dn— Z(N) H Cat 1 Cat(m) = m

and non-negative integers a,_y(.)+2c(0), k =1,2,. ...
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WgU(N (ld ) = / |l.l11l.l22 te Unn|2dU
U(N)
Z il
o Nn+2k
1 .
— Z W[Idn]h2k(.j]_, Ceey Jn)
k=0

e (e B ) (e
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@ Orthogonal matrix case
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Orthogonal group

O(N) ={V = (Vy)1<ijen € GL(N,R) | VW* = I},
SO(N) ={V € O(N) | det(V) = 1}.

Theorem [Keating-Snaith (2000)]

m—1

(2N +2j — 1)!
det(/ + V)mdV =2
/50(2N) ( ) H 271(2j = NN + 4 —1)!

2m
17, (27 — 1)1

mn@()_szI (@—1w)3

Sho MATSUMOTO (Nagoya) Unitary Matrix Integrals 28 October 2010 31/41

Nm(mfl)/2‘




Moments of L-functions

Let H,(N) be the collection of Hecke newforms of weight 2 for the
congruence group o(N) = {(25) € SL(2,Z) | c =0 (mod N)}.
Denote by L¢(s) the L-function associated with f € Hy(N).

Conjecture [Keating-Snaith (2000)]

. 1 1\" -
N'i"oo(log/v)m(m—l)/z|H2(N)| > L <§> = a(m)fo(m)/2,

feHx(N)
where
a(m) =] T2 = p~2)mm-2)/2
ptN
w 901 i —1 _ —i0(1 _ .—if 1\ ™
xg/ sin20(e (1=e"/vP) —— .6(1 ¢ "/VP) ) do.
T Jo e’ —e™!
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Weingarten calculus

Let V = (vj)1<ij<n be a random orthogonal matrix.

/ Viijs Vijp " * * Vinjndv =0
O(N)

unless n is even.

/ Viva Viojp * * Vf2nj2ndv =0
O(N)

unless there exist pairings m,n on {1,2, ..., 2n} such that

{pglem = i,=i,.
{p,gten = j,=j,.
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Weingarten calculus

Let M(2n) be the set of all pairings on {1,2,...,2n}.

[Collins-Sniady (2006)]

/O(N) Vivai Vigja " * Viznjzndv Z Z WgO(N

summed over all pairings m, n in M(2n) such that

{pglem = i,=i,.
{p.gten = j,=j,.

We will give the definition of the orthogonal Weingarten function
WgO(N later.

Sho MATSUMOTO (Nagoya) Unitary Matrix Integrals 28 October 2010

34 / 41



[ | / Vi1 v12v23v21dV =0.
O(N)
n / Vi1 viava vz dV
O(N)

= Wes™({{1,2},{3,4}} , {{1.4},{2.3}})
-1
T N(N+2)(N—1)

u / viydVv
o(n)

_ o(m)( (2N — 1)
_mn§2n)wg( = N(N +2)(N+4)---(N+2n—2)
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Hyperoctahedral group

Let H, be the subgroup of S,, generated by

(2k —12k) (1< k<n)
(2 —12/—-1)(2i2)) (1<i<j<n).

Each pairing m can be regarded as permutations in S, by

m = {{m(1),m(2)},...,{m(2n —1),m(2n)}}

(m(2i — 1) <m(2i), m(l) <m(3)<---<m(2n—1))
= ( 1 2 -~ 2n )
m(1) m(2) --- m(2n)
Note S,, = |_|m€M(2n) mH,,
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Orthogonal Weingarten function

(1) [Collins-Sniady (2006)] Putting ¢ = m !n € S,,,,

Wg%M(m, n) / H Vi [o(2k—1)/2] Vi fo (2k) /2] A V -
o(N) i

(2) [Collins-Sniady (2006)]
The matrix Wg@™) = (WgO™ (m, n)) s neat(2n) is the inverse of the
matrix

GnO(N) — (Nlm\/nl)mmeM(Zn)'

Here |m V n| is the number of blocks of a set-partition m V n, (By
definition, each block {p, g} in m and n is included in a block of
mVn,
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Orthogonal Weingarten function

Puto =m™neS,, and let WgO(N (o) =

Wg2M(m, n).

The 3rd expression.

Theorem [Collins-M (2009)]

1 f'2)\

Wer M (o) = w*(o)
(2n — )N )ZY: [Hipa(N+2/—i-1)
where w? is the zonal spherical function for the Gelfand pair
(S2n, Hp), given by
1
wh(o) = Z x*(o71) (0 € S,,)

Sho MATSUMOTO (Nagoya)

Unitary Matrix Integrals 28 October 2010

38 / 41



Orthogonal Weingarten function

The 4th expression.
Theorem [M (2010)]

o
Wed™ = (—1)*N"*h(h, s, ..., Jan-1) - Pa,
k=0
where hg(x1, X2, ..., x,) is the k-th complete homogeneous symmetric

polynomial and

P,,:ZT.

TEH,
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WgO(N) (idap) = / v121 v222 e v,?ndV
O(N)

-y (N 2 lidanl (1, Ja, -, an) P
k=0

=N""—ON "+ n(n—1)N "2 —n(n— 1)N"* + O(N"*).
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