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What is a Wishart matrix ?

Sym(d): the set of all d x d real symmetric matrices.
Sym™(d): the set of all positive definite matrices in Sym(d).

A classical definition for a real Wishart matrix

Let 0 € Sym™(d). Let X1, Xa,..., X, be i.i.d. R?-valued random
column vectors ~ Ny(0,20). Then the random matrix

W= X X{ + X X5 + -+ X, X]

in Sym™(d) is called a real Wishart matrix with parameters (p, o).

4

Its Laplace transform (or moment-generating function):
E[e"(®")] = det(/ — §5)~P/2

for € Sym(d) such that o1 — 6 € Sym™(d).
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What is a Wishart matrix ?

Definition for a real Wishart matrix

Let o € Sym™(d). Suppose

12 d—1 d—-1
56{5,5,,T}U<T,+OO) (G)

Define a random matrix W in Sym™(d) by the Laplace transform

E[e" )] = det(/ — o) 7. (%)

It is called a real Wishart matrix. We write as W ~ Wy4(53, 0).

For 3> 0 and 0 € Sym™(d), there exists a random matrix W
satisfying (x) if and only if (G) holds true. [Gindikin (1975)]
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Density function

If 3> 251, the Wishart matrix W ~ W,(83, o) has a density function
with respect to the Lebesgue measure on Sym(d).

[a(8) " (det o) (det w)?~ T e ™) (i € Sym™(d))
where

1 i1
Mg(8) = w1/ Hr( —JT>

When d = 1, the Wishart matrix is a gamma distribution.
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Main problem

Let W = (Wj)i<ij<a ~ Wa(B,0) and let W1 = (W¥);; <4 be its
inverse.
Compute general moments of the forms

E[ i1 Izjz T VVinjn] (for W)

and o L
E{WM L Whh ... yyinn] (for Wﬁl)-

Main result: to give an exact formula for E[Wt Wiz . .. /]
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@ A formula for the moments for a complex Wishart matrix is
given by [Graczyk, Letac, Massam (2003)].

@ For a reaI Wishart matrix W, [GLM (2005)] computed
E[ i ’2]2 e VV’an] ] o
@ However, they could not compute E[Wt Wiz . .. Yinin],

Related works for other random matrices:
@ For Gaussian Unitary Ensemble (GUE) matrix H = (Hj),

the calculus for the moment E[H, ; H;,j, - - - H;,j,] is well known.
— Wick formula.
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Furthermore

@ For a Haar-distributed unitary matrix U = (Uj;) € U(N),
moments of the form

E[ Ui1j1 Uizjz T Uinjn Ukl h Ukzlz T Ukm’m]

are studied by [Collins (2003)], [M, Novak (2009)] and so on.

@ For a Haar-distributed orthogonal matrix O = (0;) € O(N),
moments of the form E[O;,; O, - - - O;,;,] are studied by [Collins,
Sniady (2006)], [Collins, M (2009)] and so on.
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© Main result
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Perfect matchings

Let M(2n) be the subset of S,, given by

M@n) = {m = (ult) w2y 5 7 o 1) mit) € Son
m(2i —1) < m(2i) (1 < i< n), }
m(l) <m(3) <---<m(2n—1)

Example. M(4) consists of three permutations
(133%), (1334), (1%33).

We identify an element in M(2n) with a perfect matching:

wnN

ME)3 (13313 o P F 5T 2T
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Coset-types for permutations

For each permutation g € S,,, we define the coset-type p, which is a
partition of n, as follows.

Consider the undirected graph G(g), defined as follows:

vertex set {1,2,...,2n};

edges {g(2i — 1), g(20)},{2i —1,2i}, i=1,2,...,n

This graph has some loops of even lengths 2p; > 2p, > - - -, say.
Thus g € S,, determines a partition p = (p1, p2,...) of n.

Example. Let g = (33223818) € Ss. Then its coset-type is

(3,1) - 4.
Ay o €3 2y
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Moment E[ Wi, k, Wik, - - * Wiy, 1k,

Given g € S;,, denote by r(g) the length of the coset-type p of g:
r(g) = £(p)-

Theorem. [Graczyk, Letac, Massam (2003)]
Let W ~ W,(3,0). Given indices ki, ko, . .., ka, from {1,2,... d},

we have

IE[VVklfQ Wk3k4 o Wk2n—1k2n] =2"" Z (26)n(m) H Okpky-

meM(2n) {p,q}em

Example.(n = 2)

2 B
E[Wi k. Wisk,] = B0k k0 Okss + 5 0kik Tk T 5 Tk Tk
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Moment E[Wk1k2 Wkska . . . Wk2n—1k2n]

Let W ~ W4(8,0) and let W' = (W) be its inverse matrix. Let
o=l = (o¥). Put v := 3 — %% and suppose n < v + 1. Then, given
indices ky, k, ..., ko, from {1,2 ... d}, we have

E[ Wkl k2 Wk3k4 L Wk2n—1k2n]
=(-1)2" Y Wg(m;—2y) [[ o~

meM(2n) {p,q}em

Here the definition of the function Wg(g; z) € R with g € S, and
z € R will be given later.
It is called the orthogonal Weingarten function.
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Moment E[Wklkz Wkska . . . Wk2n—1k2n]

Example. Let W ~ Wgy(3,0). Put y =g — L.
Suppose v > 0 but v # 1.

(2,)/ _ 1)0.k1k20.k3k4 _|_ O.k1k30.k2k4 + O.k1k4o.k2k3
(y =12y +1)

E[ Wk1 k2 Wk3k4] —
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© What is the function Wg(g; z) ?
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Hyperoctahedral group

Let H, be the hyperoctahedral group of degree n: the group H, is
the subgroup of S, generated by

(2k—12k) (1< k<n), (2i-12j—-1)(2i2j) (1<i<j<n).

@ |H,| = 2"n!. Elements of M(2n) are representatives of the coset

@ Given g, g’ € S, their coset-types coincide if and only if
H.gH, = H,g'H,. Hence

52n = |_| Hpa

pEn

where H, = {g € Sy, | the coset-type of g is p}.
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Zonal spherical functions

Given a partition p of k, denote by x* the irreducible character of S
corresponding to L.
Let f* be the degree of x*: f* = x#(ids,).

For each A\ - n, we define the function w* on S,, by

w(g) = 2"1n! > xMe0) (g € Sa),

CE€H,

where 2\ = (2)\1, 2)\2, TN )
The w” are called zonal spherical functions for the Gelfand pair
(52n7 Hn)

w'(Cg) =wi(g¢) =wM(g) (Vg € San, V¢ € Hy).
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A polynomial

For each partition A and a number z, we put

01246
C\(z) = H (z+2j—i—1). -1]1/3][5
(ij)ex -2/102

where the product runs over all boxes of the Young diagram .
Example.

Claa3)(2) =2(z +2)(z + 4)(z + 6)
X (z—=1)(z+1)(z+3)(z+5)
X (z —2)(z+0)(z + 2).

From now, we assume z satisfies Cy(z) # 0 for all A - n.
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Definition of Wg(g; 2)

Definition [Collins, M (2009)]
f'2)\
We(e:2) = 7 ,,ZCA (& € Son)-

Example. Let n=2and let g € §,.
If the coset-type of g is (1,1),

1 1 2 Z+1
Wel(g;z) = 3 <Z(Z+2)1+z(z—1)1) - z2(z+2)(z—1)

If the coset-type of g is (2),

Welg:2) = % <z(zl—|-2)1 * 2(22— ) <_%>) = z(z+2_)tz —1y
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Haar-distributed orthogonal matrix

Let O(N) be the Lie group of N x N real orthogonal matrices,
equipped Haar probability measure.

Theorem. [Collins, Sniady (2006)], [Collins, M (2009)]
Let O = (Oj;) € O(N) be a Haar-distributed orthogonal matrix. Then

E[Oil j1 Oi2i2 cr Oizn_izn]

— Z Weg(m™'n; N) H O H Ojpa

m,neM(2n) {p,q}em {p,q}en
Example.
E[Olk Olk O2k O2k] o (N + 1)5k1k26k3k4 - 5k1k35k2k4 + 5k1k46k2k3
1 2 3 4] — .

N(N +2)(N —1)
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Example of Main Theorem, again

Let W ~ Wy(5,0), (WP) = W™, and 7 = 3 — 1.
Suppose v > 0 but v # 1,2.

E[ Wk1 ko Wk3 ky Wk5 k6]

—_38 E Wg(m; —27)okm@km@ ghn@ kn@ ok kne)
meM(6)

-1
=l =10 -2 DY+ D] (20 - 3y - aatigiek
+ (7 _ 1)(0_k1k30,k2k40_k5k5 + 0,k1k40_k2k30_k5k5 + 0,k1k50_k2k50_k3k4
+ Uk1k60k2k50_k3k4 + Uk1k20k3k50_k4k5 + ak1k20k3k50,k4k5)

+ (o_k1k4o_k2k5 o_k3k6 + O’k1k3 o_k2k5 o_k4k6 + o_k1k4o_k2k60_k3k5 + o_k1k30_k2k60_k4k5

o ghiks pkaks pkaks | kiks pkaks okeks | kiks ckoka pkaks Uk1k50k2k40k3k6) .
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@ An asymptotic expansion
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Asymptotic expansion for Wg(g; z)

Consider the limit lim,_,., Wg(g; z).
@ Haar-distributed orthogonal matrix O € O(N).

Wg(ids,,; N) = ]EO(N)[01210222 - O], N — oo.

@ Real Wishart matrix W ~ Wy(3,0). Suppose p =20 is an
integer.

W:X1X1t—|—X2X2t++XpX;, p — oC.

Here the X; are i.i.d. d-dimensional Gaussian vectors.
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The leading term

Theorem. [Collins, Sniady (2006)]

Let g € So, and p | n its coset-type. Then, as z — oo, we have

We(giz) = (-1)" Y Gy(n — £(p) + m)(—z)~2r+HP)=m

m=0
with
£(p)
- _(2k)!
G,(n— (p)) = HCt Catk = 1)k

A combinatorial proof of this theorem was given in [M, 2010].
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Combinatorial aspect

Proposition.

Let p = n. Let [, be a fixed perfect matching of coset-type p. Let
G,(k) be the coefficients in the previous theorem. Then G,(k) is

equal to the number of sequences (si, t1, S, ta, . . ., Sk, tx) of positive

integers, satisfying the following three conditions.
@ ty,...,tx are odd numbersand 3 < t; < t, <--- <t < 2n.
@ s5; < tjforall /.
@ For the permutation h € S;, given by

h= (s t1)(s2 t2) -~ (s t),
the perfect matching

{{h(1), h(2)}, {h(3), h(8)}, ..., {h(2n — 1), h(2n)}} coincides

with [,
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The subleading term

£(p)
(-1)"Wg(g: —2) = [ | Caty—1-z7 2" D4 Gy (n—L(p)+1)z 2" ..
i=1

If pis a hook,
p=(k+1,175Y),

then the subleading coefficient G,(n — ¢(p) + 1) is given by

2k +1
Go(n = £(p) + 1) = Gs1,1m—-1)(k + 1) = 4 — ( : )

This statement was conjectured in [M, 2010].
Very recently, Féray proved it and generalized to all partitions.
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Thank you!
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