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Circular unitary ensemble (CUE)

Let U(n) = {g € Mat,xn(C) | gg* = I,} be the unitary group of degree
n. There exists a unique probability measure p on U(n) satisfying

/ f(g1882)1(dg) = / f(g)u(dg)
U(n) U(n)

for any integrable function f on U(n) and fixed matrices g1, g> € U(n).
We call i the Haar probability measure on U(n).

The probability space (U(n), Borel, 1) is, by definition, the circular unitary
ensemble (CUE).

Let U, be an n x n random unitary matrix distributed in the Haar
probability measure . We call U, a CUE matrix.

Trivial Example. (n=1). U(1) =T ={g=¢€" | 0< 6 < 27}
p(dg) = 57
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Weyl's integral formula

Let €1, ... €% (6q,...,0, €[0,27)) be eigenvalues of U,.
Weyl's integral formula for the unitary group claims that the density
function for €1, ... e/ is given by

1 0. i
|

1<j<k<n

Example.

B[ T(U2)"] = / | Tr(g?)*u(d)

U(n)

_ / Z e2'9 H e/ — &% 2dB1db, - - - db,.
[o, 27r]"

(2m)n! :
1<j<k<n

2015.2.19.
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Partitions

Partition of integer

@ A partition A = (A1, A2,...,\;) of m € N is a weakly-decreasing

sequence of positive integers with |[A\| = EJI
@ We denote by /() the length of \.

@ For each positive integer r, we denote by m,(\) the multiplicity of r
in A:

_1Aj=m.

m(A) = {1 1<j<1 A =r}l.
Note m = [A| =3 o rm/(A) and £(A) = > -1 m(N).
o We often write A = (1™ 2m(N) ),
@ Put zy = (A1- Ao+ X)) - (mi( M) ma(A)! -+ ).

Example. If A =(4,2,2,1,1,1), then |A\| =11, ¢()\) = 6, and
A = (13,22,41). Moreover, zy = (4-2-2-1-1-1)-(3!-2!.0!-1!) = 192.

INAS GR (BEVEESK) CLTs in CBE and Jack poly 2015.2.19. 5 /37



Partitions and traces

Let A = (A1, A2,..., /) be a partition. For a (random) matrix U, put

/
p(U) =]]px(U),  p(U)=TruU".
j=1

Example. p(472’27171’1)(U) = (Tr U4)(TI’ U2)2(Tr U)3

Let U, be an n x n CUE matrix. Let  and v be partitions. We shall
consider the mixed moment

E [ pu(Un)2(Ur)| -

This is a mixed moment for a family of random variables Tr(U{,), Tr(U,,_j)

(G=1,2...). )
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Diaconis—Shahshahani Theorem

Theorem. [Diaconis—Shahshahani (1994)], [Diaconis—Evans (2001)]

For n > |u| V |V,

E [pu(Un)Pu(Un)} = OpvZy-

This is independent of n.

Example. If pn=v = (4,2,2,1,1,1) and n > 11 then
E[|pu(Un)|?] = 2, = 192.

If w# v and n> |ulV |v| then E [pM(U,,)pl,(Un) =0.
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CLT for CUE

¢C = %(ﬁk + in®), where €& n® are independent standard real normal.

Complex normal random variables

Let 5?,58 e ,ff be independent standard complex normal random
variables. Let = (1%,2% ... k%) and v = (151,252 ... kbx) be
partitions. Then

k

E |[TVi€H) 3 (VigD) | = Sz

j=1

Corollary. [Diaconis—Shahshahani (1994)], [Diaconis—Evans (2001)]
Let U, be an n x n CUE matrix. For each k > 1,

(Tr(Un), Tr(U3), ..., Tr(U%)) L5 (V1€l, v2es, ... VkeD)

as n — o0.
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Proof of Diaconis—Shahshahani

We use the representation theory and symmetric functions. Recall the
Schur polynomial

sa(x1 Xn) = w (e(N) < n)
ey Xn det(”’) <n).
For an n x n matrix A with eigenvalues ai, ..., a,, we put
S,\(A) = S,\(al, ey a,,)

if £(\) < n, and s)\(A) = 0 otherwise.

First, we use the Frobenius formula
A
p/L = Z X'LLS>\7
A
where X,)) € 7 are character values for symmetric groups. Then

E |pu(Un)pu(Un)| = D~ 0XEE [53(Un)3,(Un)|

7p
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Proof of Diaconis—Shahshahani

Second, we use the orthogonal relation for Schur polynomials

E[sx(Un)sp(Un)] = 6(£(X) < n) - 65y

Then, since |A| = |p| = || = | < n,

E [Pu(

} Z XpXo-

Third, we use the character relation of the second kind for symmetric
groups. Then

E {Pu(Un)m} = Z,0pp-

This completes the proof of Diaconis—Shahshahani Theorem.
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© Circular B-ensembles
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Circular orthogonal /symplectic ensembles

Remark. Diaconis—Shahshahani shows a similar formula for the
orthogonal group and symplectic group.

Let V?) = Uy be an N x N CUE matrix.
VY = U,U,": a COE matrix (8 = 1).
V,$4) = U2,,U2Dn: a CSE matrix (8 = 4).

Here Uz,” = JyUzp" Jp" and J, = <_OI" é)

The density function for eigenvalues of V,SB) (8 =1,2,4) is given by

r(1+p/2)" 0 ify
(2m)"T (1 + Bn/2) I e =™

1<j<k<n

Probability spaces for three classes of random matrices V,S/B) (8=1,2,4)
are called Dyson's circular ensembles (1962).
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Circular B-ensembles

Circular p-ensembles CSE,, with general 5 > 0
Space: {(ef®, ..., e/} =T*" =[0,2r)*".

r(1+p8/2)" I 16— e,

Density:  ZyoF @ + Bn/2)

1<j<k<n

@ This is the eigenvalue density for circular
orthogonal /unitary/symplectic ensembles for 3 = 1/2/4, respectively.

@ Matrix expression V) for general 5 > 0: [Killip—Nenciu (2004)]

Z\) = (e, ..., e%): A random array taken from the CJ3E.

We are interested in “traces of powers”

pr(Z8) ZeW [ (Vyr } (r=1,2,3,...).
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CPE case — prologue —

Extend the Diaconis—Shahshahani theorem to the CSE with general 5 > 0.
In other words, compute

E |:p,u(Zr(15 ))Pu(Zr(:ﬁ))}

2 on b)) [ n W) (o
_/ / T[S e ) T1 (> e
0 0 =1 \j=1

r=1 \ j=1
r(1+p/2)" 0, iy
(2m)"T (1 + Bn/2) [T 1% —e™Pdoy--- o,

1<j<k<n

Recall the 5 =2 case: If n > |u| = |v| then
E [PM(Z:SQ))PV(ZIG))} = Zu0puu.
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CBE case — prologue —

Put a =2/8. J

Example Consider the average of |p2( )|2 Note that
1p2(ZS=) 2 = | Tr(U2)2. For n> 2,

[| (Z(B))‘ ] 2an(n 2+2(a—1)n+a2_3a+1)
& (n+a—1)(n+2a—1)(n+a—2)
n24-2n— . .
% if 5=1i.e a=2(COE case)
=92 if 3=2ie a=1 (CUE case)

oSty i B=4ie a=1/2(CSE case).
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CPE case — prologue —

Example. For n > 2,

(%) @) 202(a —1)n
E ["Z(Z )Py Zn )] (nta—1)(n+2a—1)(nta—2)
W‘(n%) if 5=11ie a=2(COE case)
=40 if 5=2ie a=1(CUE case)

WM if 3=41ie «a=1/2(CSE case).

Thus, except =2, even if n > |u| V |v| and p # v, the moments
E [pM(Z,(,ﬁ))py(Z,(,ﬁ))] can be nonzero. In general, E [p“(zrgﬂ))Pu(Z,(,m)

would be quite complicated.

Strategy

We give up on the fulfillment of the explicit expression for

E | p(20)0. (2],
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© Moment inequalities for traces
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Main Result 1

Let 8 > 0 and set « = 2//3. Let m be a positive integer. Define two
constants

la — 1] m
= — S >
A=A(n,m, «) <1 n—m—i—a(s((x*l) ;
B =B(n,ma)= (1 + M(S(a < 1)) :
n—m+a«o

Remark: A < B. Either A=1 or B =1 for each «.
A(n,m,1) = B(n,m,1) = 1.

We shall obtain an upper bound and lower bound for

E [pu(Zn(ﬁ ))Pu(ZSB))]
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Main Result 1

Theorem 1. [Jiang—M (in press)]

(i) If pis a partition of m and n > m, then

E lpu(Z8)P]

< B.
a(l‘)zﬂ - =

(i) If w and v are distinct partitions of m and n > m, then
‘E [pu(Zr(wﬁ))py(an))} ‘ <(JA=1|V|B —1]) - y/alW+)z,z,.

(iii) If  and v are partitions with |u| # |v|, then

E [pﬂ(zﬁﬂ’)pu(ZW)] 0.

Substituting B = 2 reduces this to the Diaconis—Shahshahani theorem.
AN (M8
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Main Result 1

If we evaluate constants A and B, we obtain the following corollary.

Corollary.

(i) If pis a partition of m and n > m, then
m
£[1pu(Z8)] — a9z, < 6la — 11 Tat0z,,

(ii) If @ and v are distinct partitions of m and n > m, then

‘E [pH(ZSm)py(zﬁﬁ))] ‘ < 6la — 1\%,/af<u>+av>zpzy.

In particular, for u, v fixed,

B “(w)
lim E [p#(zﬁ,ﬁ))py(zn(ﬂ))} = S, (3> Z,.

n—00 15}
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CLT for CSE

Corollary.

Let £?,£§C, ... be independent standard complex normal random variables.
For each kK > 1, the random vector

(P(Z), 0228, . k(28

converges in distribution to

[2-1 [2 -2 2k

Remark that this corollary is not new.

as n — o0.
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Outline of the proof of Theorem 1: Jack polynomials

The idea of the proof is the same with that of Diaconis—Shahshahani. But

we replace the Schur polynomial sy by the Jack polynomial J/(\O‘). The Jack
polynomial is a deformation of the Schur polynomial with a Jack
parameter «.

J(l) (hook-length product of ) X s.

The analytic orthogonal relation for Jack polynomials:

E [JA‘W)(ZW)W(ZSQ’)] — Sy 5(EQN) < 1) - Ga(2/8) - NP (),

where
Cu(a) = [] (ai—) + X =i+ 1) (N —j)+ X — i + ),
(iJ)ex
o n+(—-La—-(-1) o=l \
(n) = . . . NI (n)=1)
A ( 1;[@\ n—+jo—1 A
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Outline of the proof of Theorem 1: Algebraic expression

Expansion of the power-sum p, in Jack polynomials:

0(0) (o
AA[=(p]

where 0;() is the Jack character.
9’\( ) = 1 - (hook-length product of A) - x

Proposition (Algebraic Expression).

If © and v are partitions of m, then

E [pu(z,gﬁ))pu(zrgﬁ))] _ aﬁ(u)—f—ﬂ(u)zuzy Z ,u(
A A|=m
L(AN)<n

0 ()67 ()
C)\(Od)
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Outline of the proof of Theorem 1: Evaluation of N ¥(n)

Recall

Lemma (Elementary estimation).

Assume n > m. For any partition A of m,
A(n,m,a) < N§(n) < B(n,m,a).

INY(n) — 1] < |A(n,m,a)— 1|V |B(n,m,a)—1].
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Outline of the proof of Theorem 1: Jack characters

Show only an upper bound in the ;4 = v case. We have obtained

AQLAC
E Z,SB) 2l < g () )2 © p\7
1Pu(ZI)P] < B(n,m.a) - (a¥)z,) P s
(A =m,
L(N)<n
We now suppose n > m. Using the orthogonal relation for Jack characters
)\(a 0)\

on), \-1
Z Ci(e) —5ul/(a Mz,)",

we finally obtain

E [|pM(Z,(,6))|2} < o/(“)zuB(n, m, ).
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@ CLT for COE and CSE
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Linear combination of traces (5 = 2)

Let €€ be a complex standard normal random variable.

Theorem. [Diaconis—Evans (2001)]

Let U, be an n x n CUE matrix. Let {aj}f.i1 be a sequence of complex

numbers satisfying Zf’ilj\aj\z =02 < 0co. Then, as n — oo,

i dist.
ZaJPJ ZajTr Uyl =5 0eC

Note: Diaconis—Evans obtained a slightly stronger version.

Key lemma (easy proof).

E [|pm(Un)|?] = mAn for all positive integers m, n.
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Proof of E [|pm(U,)[?] = m A n

For any m, n € N, we have

IEUpm(U,,)]2]: Z ’X?m)F'

A A|=m,
£(A)<n

It is well known that
A (—1)“)=1 if Xis a hook,
Xm) = 0 otherwise.

Hence

E [|pm(Un)|?] = #{hooks with m boxes and with height < n} = m A n.
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Linear combination of traces (5 = 1)

Theorem 2. [Jiang—M (in press)] CLT for COE

Let {aj}j‘il be a sequence of complex numbers satisfying

o0
Zj|aj|2 =02 < oo0.
j=1

Then, as n — oo,

Zajpj(Z,sﬂzl)) dist V20eC.

Jj=1

Key lemma (quite complicated proof).

There exists a universal constant K such that

E [\pm(Z,(,’le))ﬂ < Km for all positive integers m, n.

INAS GR (BEVEESK)
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Strategy of proof of E [\ pm(Z=Y

Set 5 =1. Then « =2/38 =2. For any m,n € N,

i 0 (2P
(B=1)y.2] _ m)2 GOSN
E [|Pm(Zn )| ] = (2m) ,\:|/\Z::m, C\(2)

L(N)<n

It is well known that

IT Gjper (Z—i—1) ifAs<1,
gf\m)(){ (i)

(if)#(1,1)
0 otherwise.
‘ x|2|4 6‘
-1
(4,3,1,1,1) -
|| , —_2 , 9(10) (2) = 3456
-3
—4

WA (BREK) CLTs in CAE and Jack poly 2015.2.19. 30 / 37



Strategy of proof of E me(Z,gB_l))\z} < Km

From our Theorem 1, we have: E “pm(Z,(,ﬁzl))ﬂ <2m for m < n.

Suppose n < m. Elementary (but involved) estimation gives

|()( )|2 )
2 - N( <C ;
2 Y ()!2 o
@em3? > C()N (n) <Cov/n;
A=(m—r,r) A(2
1<r<m/2
105 (2)I?
(2m)2 Z (C.)TN/sZ)(n) <C3n;
A=(r,s,1M="=*) A
r>s>1

3<UN)=m—r—s+2<n

CLTs in CBE and Jack poly 2015.2.19.
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Linear combination of traces (5 = 4)

Theorem 3. [Jiang—M (in press)] CLT for CSE

Let {aj}f.i1 be a sequence of complex numbers satisfying
Zj’il(jlogj)\aj\z < 00. Set 02 = Zf.i1f|3j|2- Then, as n — oo,

> (B=4)y  dist. 1 ¢
a;pi(ZL dist, = 5¢C
jZ:; J J( ) \/5

Key lemma (quite complicated proof).

There exists a universal constant K such that

E []pm(Z,S’B:“))\z} < Kmlogm  for all positive integers m, n.

Remark: There exist universal constants Ki, K, such that (if n = m)
Kimlogm < E []pm(Z,(,75:4))\2] < Kymlog m.

(B K)
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Future works

Let 3 be any positive real number. Let {a;}22; be a sequence of complex

numbers satisfying Zf.i1j|3j|2 =: 0% < 00. Then, as n — oo,

> ist. 2
>ap(z?) o [5ee
j=1

Consider a Macdonald version.

. lizati .
Jack polynomial o > 0 generalization, \acdonald polynomial g, t € (—1,1)

(const.) [ e — eif|? £enerezatin,
1<j<k<n

[e.9]

o 2
(const) I I 1—gelit

~ 1arei(0—01)
1<j<k<nr=0 1 —1tqre™

CLTs in CBE and Jack poly

2015.2.19. 34 /37



Future works

Generalize the following theorem to general 5 > 0.

Theorem [Johansson (1997)]

Let U, be an n x n CUE matrix. Let a;,...,am, b1,...,bm € R and
consider the random variable

m

Xo = (3 ReTr[(Un)] + by Im Tr[(Un)]).

j=1

Set 02 := Var[X,] = 3 Y771 j(a7 + b7). Let Fy(x) be the distribution
function of the random variable 0=1X,,, Cng) the standard normal
distribution function: ®(x) = [~ __ \/%e_t /2dt. Then there are positive
constants C and ¢ such that

sup |Fp(x) — ®(x)| < Cn~°" for all n > 1.
xER
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Thank you for listening.
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