M7 vy 70d b L— A0 DR E

A §3 (MATSUMOTO, Sho)

VAN PN 2 T e ST
Kagoshima University

BREARZAR2Z22VEF4599—

19 December, 2014

CLTs for traces in CBE 2014.12.19. 1/27



Joint Work with Tiefeng Jiang (Univ of Minnesota)
To appear in The Annals of Probability

© Introduction
@ Diaconis-Shahshahani Theorem for CUE

© Moment inequalities for traces

@ CLT for COE and CSE

CLTs for traces in CBE 2014.12.19. 2/27



Circular unitary ensemble (CUE)

Let U(n) = {g € Mat,xn(C) | gg* = I,} be the unitary group of degree
n. There exists a unique probability measure p on U(n) satisfying

/ f(erg2)u(dg) = / f(g)(dg)
U(n) U(n)

for any integrable function f on U(n) and fixed matrices g1, g € U(n).
We call i the Haar probability measure on U(n).

Let U, be an n x n random unitary matrix distributed in the Haar
probability measure . We call U, a CUE matrix.

Let e%1,... €% (6q,...,0, €[0,27)) be eigenvalues of U,.
Weyl's integral formula for the unitary group claims that the density
function for €1, ... e/ is given by

1 0. i
(2m)"n! H " — ¢ k‘z‘

" 1<j<k<n
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Circular orthogonal /symplectic ensembles

Let V?) = Uy be an N x N CUE matrix.
VY = U,U,"T: a COE matrix (8 = 1).
V,54) = U2,1U2Dn: a CSE matrix (8 = 4).

Here Uzp” = JyUzp" Jp" and J, = <3 é)

The density function for eigenvalues of V,S’g) (8 =1,2,4) is given by

r(1+p/2)" H \eiej B eiek‘,@'

(2m)T(1+5n/2) | L4

Probability spaces for three classes of random matrices V,S’B) (6=1,2,4)
are called Dyson's circular ensembles.
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Circular B-ensembles

Circular p-ensembles CSE,, with general 5 > 0
Space: {(e®1,...,e/)} = (S1)*" [0, 27)*"

r(1+p8/2)" I 16— e,

Density:  ZyoF @ + Bn/2)

1<j<k<n

@ This is the eigenvalue density for circular
orthogonal /unitary/symplectic ensembles for 3 = 1/2/4, respectively.

@ Matrix expression V) for general 5 > 0: [Killip—Nenciu (2004)]

Z\) = (e'1,...,e"): A random vector taken from the CSE.

We are interested in “traces of powers”

pr(Z8) ZeW [ (Vyr } (r=1,2,3,...).
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e Diaconis—Shahshahani Theorem for CUE
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Partitions

Partition of integer

@ A partition A = (A1, A2, ..., \)) of m € N is a weakly-decreasing

sequence of positive integers with |\| = ZJI
e We denote by £(\) the length of .

e For each positive integer r, we denote by m,(\) the multiplicity of r
in A:

m(A)=1{j[1<j<1, N=r}.
Note m = [A| =3 ,5; rm,(A) and £(A) = 3 1 m,(N).
o We often write A = (1) 2m(N) )
e Put

z\ = H rmr ) m (W)L,

r>1

Example: If A = (4,2,2,1,1,1), then |A\| = 11, ¢(A\) =6, and
A = (13,22 41). Moreover, zy = (13- 3!) x (22 -2!) x (4% - 11) = 192.
/%N :
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Products of traces

Let A = (A1, A2,..., /) be a partition. For a (random) matrix U, put

pr(U) =TI px(V),  pr(U)=TrU".

For a (random) vector Z = (21, ..., Z,), put

! n

p(2)=]]rn(2). P (D)= Z.

J=1 J=1

Example: If A = (4,2,2,1,1,1) = (13,22,41) then
pa(U) = (Tr UM (Tr U?)2(Tr U)3,

pA(Z) = pa(Z)pa(Z82pu(Z), pr(Z) Z e,
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Diaconis—Shahshahani Theorem

Let U, be an n x n CUE matrix. Let p and v be partitions.
The quantity E [pM(Un)p,,(Un)} is a mixed moment for a family of random

variables Tr(U4), Tr(U,7) (j = 1,2,...).

Theorem 1. [Diaconis—Shahshahani (1994)], [Diaconis—Evans (2001)]

For n > |u| V v,

E [P/L(Un)Pu(Un)} = OpvZy-

This is independent of n.

Example: If u=v =(4,2,2,1,1,1) and n > 11 then E[|p,(U,)[?] = 192.

If w# v and n> |p|V |v| then E [pM(Un)p,,(Un)} = 0.
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CLT for CUE

Complex normal random variables

Let fic,ﬁéc, e ,ff be independent standard complex normal random
variables. Let = (11,2%, ... k%) and v = (151,272 ... kb) be
partitions. Then

k

E ([T(VigH 3 (Vigh) | = bz

Jj=1

Corollary. [Diaconis—Shahshahani (1994)], [Diaconis—Evans (2001)]

Let U, be an n x n CUE matrix. For each k > 1,

(Tr(Up), Tr(U2),... Tr(UKF)) L5 (VIEE, V2el, ... VkeD)

as n — oQ.
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CPE case — prologue —
Extend the Diaconis—Shahshahani theorem to the CSE with general 5 > 0. \

Let Z,(,/B) be a random vector taken in CﬁE Put a = 2/p.

Example Consider the average of ]pg( )|2 Note that
1p2(ZS =) = | Tr(U2)22. For n > 2,

2an(n? +2(a — 1)n+ a? — 3a + 1)
(n+a—-1)(n+2a—-1)(n+a-2)

n?+42n— . .
% if 6=11ie «a=2 (COE case)

=42 if 3=2ie a=1(CUE case)

oty ifB=4ie a=1/2 (CSE case).

E|lp2(28)2] =
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CPE case — prologue —

Example: For n > 2,

(%) @) 202(a —1)n
E ["Z(Z )Py Zn )] (nta—1)(n+2a—1)(nta—2)
W‘(n%) if 5=11ie a=2(COE case)
=40 if 5=2ie a=1(CUE case)

WM if 3=41ie «a=1/2(CSE case).

Thus, except =2, even if n > |u| V |v| and p # v, the moments
E [pM(Z,(,ﬁ))py(Z,(,ﬁ))] can be nonzero. In general, E [p“(zrgﬂ))Pu(Z,(,m)

would be quite complicated.

Strategy

We give up on the fulfillment of the explicit expression for

E | p(20)0. (2],
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© Moment inequalities for traces
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Main Result 1

Let 8 > 0 and set « = 2/3. Let m be a positive integer. Define two
constants

-1 m

A=A(nma)= <1— M(S(Oz > 1)) ;
n—m+ o
o — 1

_ 1 .
m—i—a&(a < ))

Theorem 2. [Jiang—M (2014)]
(i) If wis a partition of m and n > m, then

E [Ipu(Z5)P]

<
O/(H)zu =
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Main Result 1

(i) If w and v are distinct partitions of m and n > m, then
‘E [pu(ZSB))py(Zn“))} ‘ <(A=1|VI[B—1]) \/alW)+¥)z,z,

(iii) If w and v are partitions with |u| # |v|, then

E (270, 0.

@ Substituting 5 = 2 reduces our theorem to the Diaconis—Shahshahani

theorem E [pu(Z,(,ﬁzz))p,,(Z,(,’Bzz))] = 02y
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Main Result 1

If we evaluate constants A, B, we obtain the following corollary.

Corollary.

(i) If pis a partition of m and n > m, then
m
£[1pu(Z8)] — a9z, < 6la — 11 Tat0z,,

(ii) If @ and v are distinct partitions of m and n > m, then

‘E [pH(ZSm)py(zﬁﬁ))] ‘ < 6la — 1\%,/af<u>+av>zpzy.

In particular, for u, v fixed,

B “(w)
lim E [p#(zﬁ,ﬁ))py(zn(ﬂ))} = S, (3> Z,.

n—00 15}
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CLT for CSE

Corollary.

Let £?,£§C, ... be independent standard complex normal random variables.
For each kK > 1, the random vector

(P(Z), 0228, . k(28

converges in distribution to

[2-1 [2 -2 2k

Remark that this corollary is not new.

as n — o0.
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Outline of the proof of Theorem 2

A main tool is the Jack polynomial J/(\a), which is a family of multivariate
orthogonal polynomials with Jack parameter a.

E [Jﬁ/ﬂ)(2,55))#(2/@(2,55))} = O 0(0(1) < n) - Ca(2/8) - Ny (),

where
(@)= [] (ei=)+X =i+ 1)(a\—i)+ N —i+a)
(i j)EX
Ny =TT * TU-Na-(iz1) NE=Y(n)=1)
(i))Ex nJja
Note: (8 =2)

E[su(Un)sy(Un)] = 6y - 6(£(p) < n),

where sy is the Schur polynomial.
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Outline of the proof of Theorem 2

Expansion of the power-sum p, in Jack polynomials:

_ () HA( ) (a)
Py = Zu Z )\(a)J
A= p]

where 92((1) is the Jack character.

Proposition (Algebraic Expression).

If 4 and v are partitions of m, then

9)\ 9)\
E [pH(ZSB))pV(ZISB))] _ aé(u)-ﬁ-é(v)zuzy Z M/\/’/\a(n)
A A|=m C)\(Oé)
L(AN)<n
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Evaluation of N{(n)

Recall

() = H n+(—-1a—-(i—1)

(ex n—+jo—1i
-1 m
A(n,m,a) = (1 - n’fém+|a6(a > 1)> )

-1 m
B(n,m,«a) = (1 + ,7’_am+’a<5(a < 1)) )

Lemma (Elementary estimation).

Assume n > m. For any partition A of m,

A(n,m,a) < Ni(n) < B(n,m,a),
INY(n) — 1] < |A(n,m,a) — 1|V |B(n,m,a) —1].
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@ CLT for COE and CSE
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Linear combination of traces (5 = 2)

Let €€ be a complex standard normal random variable.

Theorem. [Diaconis—Evans (2001)]

Let U, be an n x n CUE matrix. Let {aj}f.i1 be a sequence of complex

numbers satisfying Zf’ilj\aj\z =02 < 0co. Then, as n — oo,

i dist.
ZaJPJ ZajTr Uyl =5 0eC

Note: Diaconis—Evans obtained a slightly stronger version.

Key lemma (easy proof).

E [|pm(Un)|?] = mAn for all positive integers m, n.
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Linear combination of traces (5 = 1)

Theorem 3. [Jiang-M (2014)] CLT for COE

Let {aj}j‘il be a sequence of complex numbers satisfying

o0
Zj|aj|2 =02 < oo0.
j=1

Then, as n — oo,

Zajpj(Z,sﬂzl)) dist V20eC.

Jj=1

Key lemma (quite complicated proof).

There exists a universal constant K such that

E [\pm(Z,(,’le))ﬂ < Km for all positive integers m, n.

(BB K)
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Linear combination of traces (5 = 4)

Theorem 4. [Jiang-M (2014)] CLT for CSE

Let {a;}72; be a sequence of complex numbers satisfying

> 21 U logj)|aj|> < co. Set 0% = 3", jlaj|?>. Then, as n — oo,

J

- (B=4)y dist. 1 ¢
aipi(Zn —s —o0gf.
; J _/( ) \/5 €

Key lemma (quite complicated proof).

There exists a universal constant K such that

E {|pm(Z£6:4))|2} < Kmlog m for all positive integers m, n.
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Remarks and Future works

@ (5 =4) It does not seem that we can remove log m in the evaluation
E [|pm(Z,SB:4))\2] < Kmlog m. In fact, we proved that there exist
universal constants Ki, K> such that (if n = m)

Kimlogm <E [|pm(Z,(,,B:4))|2] < Kymlog m.

@ (general 3 > 0) Obtain the CLT for 3%, ajpj(Z,(,B)) (— \/%afc).

@ (general > 0) Consider the convergence rate. Kurt Johansson
(1997) obtained the CUE case.

@ Consider a Macdonald version.

. lizati .
(Jack polynomial £ 23897, Macdonald polynomial)
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