/NS
i R

et TR 6 B2 28F DM, , I
SRk 24 810 H 13 H

BHZEK LMk IML) & D FEFEBESE
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RDT T LRXNERBEEZS,

f(z):= Z arz".
k=0

22T, BB {an}io, BN A (ii.d.) T, FEEHEIERLA
Ng(0,1) IZHE 9.

NS IE, IZEAETEFICL S, I 6IERM 2] =11,
ZEAETERICHRER L% 5,

BB 725 A OBEOIMIEL I BoTuEn? |
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BE 9 2 {155 (1)

Kac (1943). Kac Iz

=> az",  {ali iid. Ng(0,1).
k=0

N,(Q): R DTHISES QBT 5 p, DIFEZE R DL
(n+ 1)2¢t2n
B[N, (2 / \/ —1)2 (t2n+2 —1)2 dt.

FHCHEE R OMEEDWIFHEIZX, E[N,(R)] ~ 2logn (n — o).
Shepp-Vanderbei (1995): #3&2 H~JLIR.

Logan-Shepp (1968): ZE7fi (V37 X —% 0 < a <2) ~NIEK.

(=123 —> =510, a =2 H51ERDAE.)
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BE 9 2 {5 (2)

VRNV TN T AE
dx(A) = det(Al — X),
ZIT, XWENxNT¥y LT,
ox DEEN X OEE(E.

X % GOE 1741 & 9 %. (GOE=Gaussian Orthogonal Ensemble.)

X ZENTH 2 0C, HEAEMEIZES. FEAEGED R ERE S

Irolgchzon5,
Cve =52 TT A = Al
i<j

MATSUMOTO, Sho (Nagoya Univ.)
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WA MED A, MHBIBEZ v Glid I 5,
n=1,2...,N. nHHEIEEZ:

Pa(A1s -5 An)
="\ 12 X DIEHEDH 5 R

N! 2
:—/N Cye™ T/ IT = Nldrn--din.
RN—=n

— |
(N n). 1<i<j<N

pn 37 4 T THZONE I EBEILAGNT VS,
Thbb, 7V LRELHEA ox DFERIM (GOEfTHI X DIl
BEDAR) &, 74 7 v R E %7,
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BE 9 2 {5 (3)

Peres-Virag (2005).

= Gz {G)ie iid. Ne(0,1).
k=0

fo DA OMBIRIS % 2 %
po(z1, .., 20) 1= "B ) I fo DERDID DHEF"

DL ZE,

1
a(z1,...,zy) =det | ———
pola ) ((1 _Zizj)2)1<i,j<n
Thbb, fo DFRTMIIITIASEREZ 2T,
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ftE D B

Peres-Virdg (2005) DR D MEEh 2E A 70, 2054, 17
SIADRDO NIRRT 4 Ty PE L2 2 ENMFENS.

Peres-Virdg (2005) DFEHITIX, ROANADSEELKH 2 K7 L 7,
Borchardt (1855) :

(). ().l
e - per =det | ——
1- Xi¥j /) nxn 1-— Xi¥j /) nxn (1 - Xf)/f)2 nxn

= OISR ORI AR 54T B, AR (2005):

X; — X; 1 Xi — Xj
Pf(’ ) -Hf( ) :Pf(—’ , ) |
1- XiXj 2nx2n 1-— XiXj 2nX2n (1 B Xin)z 2nx2n
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RIATVENT =TV
Son ZXFRREL T 5.

Fn::{O-ESQn

o(2i —1) < 0(2i) (i=1,2,...,n),
o(l)<o(3)<---<a(2n—-1) }

TR DZRITIN B = (by)1<ijcon D787 4 T ¥

PfB = Z (sgn ) bs(1)0(2) bo(3)0(4) * * * bo(2n—1)0(20)-

oceF,

RER DXWFRTII A = (a,-j)lg,-,jgg,, DINT =T Ve

HFA =" 25(1)0(2)3r(3)0(4) " * An(2n—1)o(2n)-

occF,
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a1 a2 0  ap
Hf = ap. Pf = ap.
(312 322> 912 <—312 0 ) 12

di1 d12 d13 4dua

di2 dx a3 a4
Hf )

d13 dz3 d33 43

di4 dp4 d3s dsa

=a12d34 + a13a24 + A14a23.

0 a1 d13  dis
—d12 0 a3  an

Pf 0 =3a12d34 — 313324 + 314323.
—d13 —ax3 a4

—ay —au —axu 0
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© Main results
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=2 D FHES

f(z) =Y az’,  {a}ile iid. Ng(0,1).
k=0
f OIRPERRIL, as. Tl I61XM |z] =113 as. THARBIR.

FER EEFRFERD 0 MBS E, 2hEn

po(te, ... ty) and  pf(z1,...,2,),

EBL. 22T, ty,ty, ...t R (-1, +1) NOFEET,
z1,20,. .., 2,13 |z < 12>D Im z > 0 7% 5 EFEEL
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EH (Real Zero Correlation Theorem).

po(ts, - - tn) = 7 " PHK(E, £))1<ij<n-
22T, KK(s t) = (Kn(s:'-‘) Ku(“)) 122 x 2 DFTHIT,

Ko1(s,t) Kao(s,t)

s—t
(1—s2)(1—12) (1 —st)?’

11—t 1
Kol =\ 1-a1—g

1-s2 1
Kale ==\ 1—ai—g

Koo (s, t) =sgn(t — s) arcsin (

Kll(s, t) =

-9 - t%)

1— st

Kn(s, t) = 82_;K22(S, t), K12(S, t) = —Kgl(t, S) = %K22(s, t).
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TEPH (Complex Zero Correlation Theorem).

1 A |
¢ 00 o0 n) — ° Pf KC iy 4j ij<n-
pn(zl7 7Z ) (71_\/__1)” J_Hl |1 _ ZJ2| ( (Z ZJ))]-S L]S

Z 2T,

Khmd=oéﬁzﬂiw>.

A—zw)2 ([d-zw)?

o’

L7tso T, fOEREE L CHREBROSHIL, LbIr 747
v rBRE 5T,
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B (1 RAHES, 2 AHEY)

B 1 B |z — Z|
A=y AT A

(L — )
(1 - )1 - 8)(1 - t1tz)?

pg(tb t2) =

[t1 — to , \/(1—1?%)(1—52)'

arcsin

_|_
/1 - )1 - B)(1 - tit)? T

1
2|1 — Z2||1 — 22|

pg(zb 22) =

|z1 — 21| |22 — 2| |z — 2 21 — 2|

(1 - |Zl|2)2(1 - |Z2|2)2 |1 - 2122|4 |1 — 2122|4 '
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Forrester I X % ZlEBH

Forrester (2010 arXiv) (&, 4D D DEH % JIl D 5k T ICEE
BH L 72. Forrester DFEHHD 74 74 71X RD Xk ) 72> 7=

o FDEETAIZ, HB T VY LTHDOEGHED, TFl9 A4 X%
HERRKIC L 72 & S DIGRITAGIC—309 %, [Krishnapur (2009)].
o ZD 7 V¥ LMTINDMEEMSAIE, T v F LTI ERICED
L IEHERN 72 T3 (Forrester, 7K&, Borodin 72 1 Xk ) ¥E)
ZHWT, BRI 7 4 7V TRT LR TE S,
Fc DiFHIZFZ N E I RAR D, 7V ¥ MR FEREY, X
DEENARIATH 3. Sl Xz aI-E-FEHC X 287 4 7
VNTZTVDRAHE D,
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F(t)bee(er,41) BP0 DEL Y 22 T, Thb
, n212:—1<t1<t2< < t, < LIZRL T,

(1), F(t2). . F(£)) AT 0 0 0 KTEH A ™ 25375 Na (0, (1))
fitH. 2T, LagEdTsl

2(t) = (B (&) (5)r<ijn

E[f(s)f(t)] = ZS Elacal = ) _(st)" = 1—1“

k

THEZAo6Nn 5,
EPH (Absolute Value Moment Theorem).

E[[f(t1) - F(ta)[] = (2)" (det Z(£) /2 PF(K(t;, t)) 1< j<n

Z ZTK(s,t) %, Real Zero Correlation Theorem TLHZ 7 D &
CiRoy
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7EBE (Sign Moment Theorem).

E[sgn f(t1) sgn f(tz) - - - sgn f(tan)]

2 n
_ (;) IT sen(t — t) - PE(Kaa(ti, 1) )1<ijcon:

1<i<j<2n
Z 2T Ky(s, t) =sgn(t — s)arcsin w
L7>T, FRli —1<t < <th,<1%56I1E

Elsgn f(t1) - - - sgn f(t20)] = PF(E[sgn (t;) sgn £ (£;)] )1<i<j<2n-

v

n3EHD L ZF1Z, HIZE[sgn f(t1)sgn f(t)---sgnf(t,)] =0.
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@'J. —1<t1<t2<t3<t4<10:>.(j‘l/,

E[sgn f(t1) sgn f(t;) sgn f(t3) sgn f(ts)]
= E[sgn f(t1) sgn f(t2)] - E[sgn f(t3) sgn f(t4)]
— E[sgn f(t1)sgn f(t3)] - E[sgn f(t2) sgn f(ts)]

) ) (

+ E[sgn f(t1) sgn f(ts)] - E[sgn f(t2) sgn f(t3)]

Thh, F£

1-2)1-)
17t,'t'j

2
E[sgn f(t;) sgn f(t;)] = - arcsin
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Wick formula

Sign Moment Theorem 1%, Wick DA T3,

Wick D

(X1, Xa,...) 23 0 DFIERTARICHE) & &,

E[Xi Xz - - - Xa5] = HE(E[X; X;])1<ij<2n

DR DO, e mHEERE S, BICEX, - X,] = 0.

E[X, XoXs Xs] =E[X1X] - E[X5.X,]
+ E[X X - EXoXa] + E[XX] - E[XoXs].
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(. ZOLERXRDRIVIZHATDH 5.

HONEE — X > b E[|X; - X,|] PRHFE—X b
E[sgn X; - - - sgn X, I LT, Wick DARDEBUIHFET 275
) ?

BKZIEFHTH 5,
fFaeE—Xr MBEL T, RIS DEE RS IE
E[sgn X;---sgn X,] =0THH, KX

012

\/011022’

DHISGNT WS, E2AD8 n>4 Bl TE, ks bHS
TR\,

2
E[sgn Xisgn X3] = — arcsin
T
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HORHEE — 2 > PIZOWTIRRDBHMS T B
il [#37 (1951, 1952)].

2 . 012
E[| X1 X:|] = — detX .
[|X1X5]] - (\/ et + oyp arcsin m)

2\ 3/2
E[|X1X2X3|] = (;) (V det Z+
Z Oij0kk + TikOjk + OikOjk arcsin Oij0kk — OikOjk )
(k) VI \/(a,-,-akk — i) ook — o)
ZZTHNZ (7,4, k) =(1,2,3),(2,3,1),(3,1,2) 2/ 5.
AR Iz owTlE, AXFA s Tuiny,
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ZDkIHT, —MITIEE[X; - X,|] ® E[sgn X - - - sgn Xo,] 1$515L
TERW,
L2 AL OEIE, oy

1

BXX] =17
1%

DIEDEZIINNT7 4 7B EFRELTHWS !

October 13, 2012
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Differential Sign Moment Formula

We first prove the formula for the derivation of the sign moment.

Recall
s—t

V-1 )1 st

K11(57 t) =

Proposition (Differential Sign Moment Formula).

2n

oty - - -_8t2nE[sgn f(t1)sgn f(t2) - - -sgn f(t2n)]
= (g)n Pf(Kn(t,-, ti))1<ij<2n

H ,/1—t2 < (1 —tt)* ) 1<ijeon
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Proof of Differential Sign Moment Formula

Since & sgnx = 255(x), where & is the Dirac delta function, we have

a2n
Oty - - - Oty ~8t2,,]E[Sgn f(t1)sgnf(t2) - - -sgn f(t2n)]

0 0 9,
E {6_1“1 sgn f(t1) - 7% sgnf(ty)--- T sgn f(tg,,)}

=22"E[do(f(t1))f'(t1) - - do (f(tzn))f'(tzn)]

C22E[f(ty) - F(tan) | F(t1) =+ = F(tan) = 0]

B (27)"(det X(t))Y/ ’
where T(t) = ((1 — tit;) ™ )1<ij<on.
Note that (27)~"(det £(t))~%/? is the density of the Gaussian vector
(f(t1),...,f(t2n)) at (0,...,0).

This heuristic discussion can be justified in the framework of
Malliavin calculus.
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Proof of Differential Sign Moment Formula

Lemma.

The conditional distribution of (f'(t),. .., f'(t2,)) given
f(t1) =--- = f(t2n) = 0 has the same distribution with

(qu(t)f(t1), ..., gan(t)f(t2n)).

Here 1 -
i — Lk
(t) = d )
q’() 1_ti2 H 1— tity
1<k<2n
kZi
Note:

. t; — t;)?
(—1)nCI1(t) e q2n(t) — Hlfé:JS2n( J) _ det (1 > ‘
Huzl(l - titj) — Lt 1</ j<2n
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Proof of Differential Sign Moment Formula

Hence,

a2n
oty - - ~_6t2,,E[sgn f(t1)sgn f(t2)---sgnf(tan)]

=(=1)"(2)" (det (t))"/* - E[f(t2) - - - f(t20)].

Cauchy’s determinant formula and Wick formula give

1
1_[\/1—t2 1<,1<_[J<2n (1_titj)1gug2n‘

Recall Schur's pfaffian

Pf(—t'_tf) |
1_titj 1<i j<2n 1_titj

1<i<j<2n
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Proof of Differential Sign Moment Formula

Lemma [Ishikawa-Kawamuko-Okada (2005)].

pf<u) .Hf( L ) :Pf(ﬁ> :
1—t,'tj ij 1_tit:i i (1_titj)2 iJ

Hence we have

a2n

—E[sgn f(t1)sgnf(t2)---sgnf(ta)]
a a 2n

t—t )
H JI-2 ( 1= titj)? ) 1 jcon

We thus finish the proof of the Differential Sign Moment Formula.
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Proof of Sign Moment Theorem

Sign Moment Theorem.

For -1 <t < - <1 < th, <1,

Elsgn f(t1)sgn f(tz) - - -sgn f(t2n)] = <;> " Pf(Kx(t;, tj))1<ij<2n,

Va=)a-2)

where Ky (s, t) = sgn(t — s) arcsin —

Proof. Check
0? s—t
Kao(s, t) = Kyi(s, t) = .
gsor (o) = Kuls. 1) VA=) - 2)(1 - st)?

If we integrate Differential Sign Moment Formula with a good initial
condition, we can obtain Sign Moment Theorem.
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© Proof of Theorems

@ Proof of Absolute Value Moment Theorem
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Proof of Absolute Value Moment Theorem

Lemma.

n

Jm - 5"_>mt 81&1—8E[Sgn f(t1)---sgnf(ta)sgn f(s1)- - -sgnf(sn)]
_ (3) et T () B[ (t) - £(5)]
T

Here we take the limit on the domain satisfying
—l<th<si<b<sH<---<t,<s,<l.
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Proof of Absolute Value Moment Theorem

Proof of Lemma (heuristic).

ﬁl@[sgn f(ty)---sgnf(t,)sgnf(sy)---sgnf(sy)]
(

=2"E[0o(f(t1))f'(t1) - - do(f(ts))f'(ta) sgn f(s1) - - - sgn £(s,)]
=2"E[f'(t1)--- f'(t,)sgnf(s1)---sgnf(sy) | f(tr) == f(t,) =0]
x (2m) "2 (det X(t)) Y2

2 n/2
= (—) (det ):(t))l/2 -E[f(t1) - f(t,)sgnf(s1)---sgnf(sy)]

™

Taking the limits s; — t; gives the lemma since |x| = (sgnx)x. O
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Proof of Absolute Value Moment Theorem

It follows from the previous lemma and Sign Moment Theorem that
E[[f(ts) - f(ta)[] =

n/2 n
(2) (detZ(t))_l/2 lim 0 Pf (K(i’j))lgi,jgn’

T si—ti Oty --- Oty
1<i<n

where ( ) ( )
Koo(t;, t;) Koo(ti, s
IC : _ ] ’ =)
) <K22(5i7t:i) Kzz(sn%))
Thus
) 0" .
lim e g PRCGDcijen = PFOR(E: )1y
1<i<n
Hence

n/2
E[|f(t) - f(ta)] = <;> (det X(t)) ™2 PF(K(t:, 1)), -
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© Proof of Theorems

@ Proof of Real Zero Correlation Theorem
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Proof of Real Zero Correlation Theorem

Recall the correlation function pi(t1,. .., t,) for the real zeros of the
random power series f(z).

Lemma [Hammersley (1954)].

"ty
pn(ta ) (27)7/2/det ¥ (t)

Using the lemma for the conditional expectation,
ooty ..., ty) = (27r)_"/2(det Z(t))l/2 CE[|f(t)f(t2) - - F(t0)]]-
Hence it follows from Absolute Value Moment Theorem that

Pf,(tly ey tn) = 7T_n Pf(K(t,', tj))lgi,jgn'
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© Proof of Theorems

@ Proof of Complex Zero Correlation Theorem
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Proof of Complex Zero Correlation Theorem

Recall the correlation function p¢(z, ..., z,) for the complex zeros of
the random power series f(z).

Unlike f(t) (=1 < t < 1), the random variable f(z) (z € D\ R) is
not Gaussian but Rf(z) and 37 (z) are real Gaussian.
Hammersley's formula gives

Pz, z0) =E[|f'(21) - ()] | (1) = - = f(21) = 0] pr(0),
where pr(0) is the density of the Gaussian vector
(Rf (1), Sf(z1), ..., Rf(z,),3F(2))

at (0,0,...,0,0).
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Proof of Complex Zero Correlation Theorem

with z,.; =2 (j=1,2,...,n).
It is easy to see that ps(0) = 7~ "(det M)~1/2,
We can see that

E[[f'(z1) - F(za)]* | f(z2) = - = f(2,) = 0]
=(=1)"(det AE[|f(z1) - - £(za)[’]-

The mean value can be computed by Wick formula:

E[|f(z) - f(z,)]?] = Hf A.
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Proof of Complex Zero Correlation Theorem

Hence
(—1)"(det A)(Hf A)

(z1,...,2,) = .
prln ) = e

Applying Ishikawa-Kawamuko-Okada formula, we obtain

. 1 LS |
Z1y. ey 2Zp) =
pn( 1 ) (7‘(‘ /_1)njl:! |1_ij|

Z. —_— Z.
< (_1)n(n71)/2 Pf < / J >
(1-2zz)? 1<ij<2n

with z,,; = Z;. Changing the order of rows/columns in the Pfaffian,
we finish the proof of Complex Zero Correlation Theorem.
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@ Conclusion
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RDZ v BNEWE 2 AT

f(z) = Zakzk.
k=0

ZIT, R {an ), FMNZEDA T, FEEEHEIERLIIMG Ne(0,1)
IZHES.
N T, IFEAETERICLER S,
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ZEBE (Complex Zero Correlation Theorem).

f DEFRFEROMHBBEIIRTEZ 5% z,. .., z, ZHAHED 1
KT, POREPIETH % &) LHFLLE T2 LE,

po(z1y .y 20) = (W\/_ H |1 | Pf(K(z;, z;))1<ij<n-

22T,
zZ—w zZ—w
c _ | —zw)?2  (1—zw)?
K (27 W) - Z—w zZ—w :
A_zw)? ({1-_zw)y
”
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7EH (Real Zero Correlation Theorem).

f DFEFFOMBABEBIIRTHZ 6N 5 ty,. .., t, Z X (1, +1)
NDFEEET 3 L X,

p;(tl, cooy tn) = 7T_n Pf(K(t;, tj))lgiJgn-
ST, &K(s, 1) = (iR kel w2 x 20T,

s—t
(1—s2)(1—t2) (1 — st)?’

11—t 1
&*”_%fghﬂ’
1-s2 1
Kals) =\ i—ai—w

Koo(s, t) =sgn(t — s) arcsin (

Kll(s, t) =

1—st

(=)~ t2)> .
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7EBR (Absolute Value Moment Theorem.)

tr, ooty ZXE (=1, +1) NOEBTHWICER 2 LT5. 2Dk
E, KDDL,

E[|f(t)--- F(ta)] = (2)™? (det £(t)) /> PE(K(ti, ))1<ijen-

- > _ 1
ZITE(M) = (1_titj)1<u<n.

7EBE (Sign Moment Theorem.)

—l<t< <<l

E[sgn f(t1) sgn f(2) - - - sgn f(t2n)] = P (E[sgn () sgn f())])1<i<j<2n
= (E) i Pf(Kaa(ti, tj))1<ij<2n-

™
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