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Gaussian power series

Consider the random power series

(0.9}
z) = Z az®.
k=0

Here {ax}?°, are i.i.d. (independent identically distributed) Ng(0,1).
The radius of convergence is 1 almost surely.

In the restriction to real numbers, the process {f(t)}:c(-1,41) is a
mean zero real Gaussian process with covariance

E[f(s) ]—ZstE[aka,]—Z( Pk = 1_15t.

k

Question. How are the zeros of f distributed? J
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Related works (1)

(1) Kac (1943). Consider a random polynomial
t)=> att,  where {a}7, are iid. Ng(0,1).

Let N,(Q2) be the number of the real zeros of p, in any measurable
set 2 in R. Then

(n—+1)2¢2n
E[N,(2 /\/ 2 1) B (t2r+2 —1)2 dt.

Note that E[N,(R)] ~ 2 logn as n — cc.

The extension of this formula to complex zeros of p, is obtained by
Shepp-Vanderbei (1995).
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Related works (2)

(2) (Random Matrix Theory). Consider the characteristic polynomial

Ox(A) = det(A — X),

where X is an N x N random matrix.
zeros of ¢x <>  eigenvalues of X.
Suppose that X is a random matrix picked up from the Gaussian

Orthogonal Ensemble (GOE), i.e.,

1
X = §(A+ ‘A), A=(a;), {a;} areiid. Ng(0,1).

Eigenvalues of X are real and the density is

CNeiz)\J?pH |)\, — )\J|

i<j
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Related works (2)

The distribution of the eigenvalues is described by correlation
functions.

For each n=1,2,..., N, the n-point correlation function is defined
as

Pn()\h Ce ,)\n)
="The probability that there is an eigenvalue at each A;, 1 < j < n”

N!

_—/ Cye™ TN /2 IT =Ml dXner- - daw.

(N - n)| RN—n . .

1<i<j<N

It is well known that p, is given by a Pfaffian.
Thus, Zeros of the characteristic polynomial ¢x (or eigenvalues of a
GOE matrix X) form a Pfaffian point process.

Sho MATSUMOTO (Nagoya) Zeros and pfaffian July 29, 2012 6 /44



Related works (3)

(3) Peres-Virag (2005). Consider a random power series

fo(z) = Gz {G}ier iid. Ne(0,1).
k=0

Consider the n-point correlation function for zeros of f¢:

pn(z1, ..., 2n)
="The probability that fc has a zero at each z;, 1 < j < n"

for z1, ..., z, in the open unit disc. Then

1
pn(z1, ..., 2,) = det (—_)
(1 - z2z)? 1<ij<n

Thus, the zeros of fc form a determinantal point process.
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© Main results
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Pfaffian and Hafnian

Let

Fn:{UGSQn

o(2i —1) < o(2i) (i=1,2,...,n),
o(l)<o3)<---<o(2n—-1) }

The Pfaffian of a skew-symmetric matrix B = (bjj)1<jj<2n IS

PfB = Z (sgn a)bU(l)o(Z) bo‘(3)0(4) ce ba'(2n_1)o—(2n).

oceF,

The Hafnian of a symmetric matrix A = (a;;)1</j<2n IS

HFA =) " 3,1)02)30(3)0(4) - * Bo(@n-1)o(2n)-

o€F,
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We consider a real version of Peres-Virdg (2005). Let
f(z) =) az*,  {a}ile iid. Ng(0,1).
k=0

This random series converges on D := {z € C | |z| < 1} almost
surely.

We study the n-point correlation functions for real zeros and complex
zeros

pr(ty, ... ty) and  pf(z1,...,2,),
respectively. Here ty, to, ..., t, are real numbers in D N R, and
z1,...,2z, are complex numbers in D with &(z;) > 0.

Remark. the correlation functions determine the distribution of zeros
of f.
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Real zero correlation

Theorem (Real Zero Correlation Theorem).

The n-point correlation function for the real zeros of f is given by

Pi(tb ©00g tn) =" Pf(K(th tj))lgi,jgn-

Kgl(s,t) Kzg(s,t)

s—t 1-¢2 1
Y ey e TrE A e

1-s2 1
“als=—yi—ai—w

Koa(s, t) =sgn(t — s) arcsin (

Here each K(s, t) = (K“(s’t) K“(s’t)) is a 2 X 2 matrix defined by

(1-s*)(1-1)
1— st

> . (Put sgn0=10.)

o’
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Complex zero correlation

Theorem (Complex Zero Correlation Theorem).

The n-point correlation function for the complex zeros of f is given by

pZ(Zl, 800 ,Z,,) (71'\/_ H |1 | (KC(Z,, ZJ))1<1,J<n

Here each K(z, w) is a 2 x 2 matrix defined by

K(z,w) = <(1;}w’2 ‘1?:35)2>

d-zw)? -z

Example (one-point correlations). p!(t) = = L~ and

1—¢2)

() 1 1 z—Z |z - Z|
z) = = ’
P1 V11— 22[(1—zz)2 =l —22|(1— |z]2)?
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Remarks on Real/Complex Zero Correlations

@ The theorems say that the distribution of zeros of f form a
Pfaffian point process.

@ The kernel K(s, t) satisfies K (s, t) = —Kp,(t,s) and

2 0
Kll(s t) 8 a K22(5 t) Klz(s, t) :&K22(5, t)
0
Kai(s, t) :aKzz(S, t) Koa(s, t) =

VI—)i-2)

1— st

Kao(s, t) = sgn(t — s) arcsin
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Remarks on Real/Complex Zero Correlations

The last two theorems are not new results. Forrester (2010 arXiv)
obtained them independently. His proof is quite different from ours.
He proved them by using the following facts.

@ The distribution of zeros of f coincides with the limit eigenvalue

distribution of a truncated Haar orthogonal matrix [Krishnapur
(2009)].

@ The eigenvalue distribution can be studied in the standard way
developed by Forrester, Nagao, Borodin, etc. The correlations
for eigenvalues are given in terms of Pfaffians in explicit ways.

In our proof, random matrix theory is not used. One of the key in our
proof is a Hafnian-Pfaffian formula due to
Ishikawa-Kawamuko-Okada (2005).
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Absolute Value Moment Theorem

In the course of our proof of Real Zero Correlation Theorem, we will
obtain the following theorems.

Let £(z) = >4, akz* be as before. For distinct real numbers
—1<ty,...,t, <1, denote by ¥(t) the covariance matrix for the
mean zero Gaussian vector (f(t1),..., f(t,)):

1— tit;

Z(t)z(E[f(tf)f(fj)])1<u<n:( 1 )1<_,<'

Theorem (Absolute Value Moment Theorem).

E[f(t) - ()] = (2)™? (det £(t)) "2 PE(K(t:, ))1<ijen

Here K(s, t) is given in Real Zero Correlation Theorem.
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Sign Moment Theorem

Theorem (Sign Moment Theorem).
If —1<t;<--- < t, <1, then

2 n
Blsen (1) sgn (1) -5 (1) = (2) PF(Ean(t )scisean

V(A-s?)(1-t%)

1—st

E[sgn f(t1) - - - sgn f(t2n)] = Pf(E[sgn f(t;) sgn f(t;)] )1<i<j<2n-

where Ko (s, t) = sgn(t — s) arcsin . Hence

Note: E[sgn f(t1)sgn f(t2)---sgnf(t,)] =0 if nis an odd number.
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Example. For —l<ti<tb<tz<ty<l,

E[sgn f(t1) sgn f(t;) sgn f(t3) sgn f(ts)]
= E[sgnf(t:)sgnf(t2)] - E[sgn f(ts)sgn f(ta)]
— Blsgn f(1) sgn £(t)] - Blsgn £(2) sgn ()]
+ E[sgn (t1) sgn f(t1)] - E[sgn f(t2) sgn f(t3)]
and

2 2
—2)1-2)
lft,'tj

2
E[sgn f(t;) sgn f(t;)] = - arcsin
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Wick formula

Recall the well-known Wick formula.

For a mean zero real Gaussian vector (X1, Xz, ..., X2,), we have

E[Xi Xz - - - Xa5] = HF(E[X; X;])1<ij<2n

and E[X; - - X;,] = 0 if m is odd.

For example,

E[X, XoXs Xa] =E[X1.X] - E[X5X,]
+ E[X X - EXoXa] + E[X X - E[XoX3].
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Let (X1, X, ..., X,) be a mean zero real Gaussian vector with
covariance o;; = E[X;X]].

Are there any Wick-type formula for absolute value moment
E[| X1 - - - X,|] or sign moment E[sgn X; - - - sgn X,,]? J
No.

Proposition [Nabeya (1951)].

2
E[[ X1 Xa|] = p (m + 015 arcsin L)

011022
where o;; = E[X;.X]].

Nabeya (1952) obtained a similar but more complicated formula for
the n = 3 case. Any n > 4 formula is not known and can not be
expected.
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Remarks

Known facts
If nis odd, then E[sgn X; ---sgn X,] = 0.

012

\/0110227

2
E[sgn Xi sgn X5] = — arcsin
7r

where o;; = E[X;.X]].
There is no such formula E[sgn X - - - sgn Xz,] with 2n > 4.

Thus, our theoreoms give Pfaffian expressions for the absolute value
moment and sign moment in the special case

1

EXOX] = T4
it
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© Proof of Theorems
@ Proof of Sign Moment Theorem
@ Proof of Absolute Value Moment Theorem
@ Proof of Real Zero Correlation Theorem
@ Proof of Complex Zero Correlation Theorem
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Differential Sign Moment Formula

We first prove the formula for the derivation of the sign moment.

Recall
s—t

V-1 )1 st

K11(57 t) =

Proposition (Differential Sign Moment Formula).

2n

oty - - -_8t2nE[sgn f(t1)sgn f(t2) - - -sgn f(t2n)]
= (g)n Pf(Kn(t,-, ti))1<ij<2n

H ,/1—t2 < (1 —tt)* ) 1<ijeon
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Proof of Differential Sign Moment Formula

Since % sgn x = 2do(x), where dy is the Dirac delta function, we have

aa—znam’]E[sgn f(t1)sgnf(t2)---sgnf(tan)]
=2 B (F(1))F (8) -l ) )
_22E[f'(t1) - f'(tan) | F(t1) = - = f(t2a) = 0]
(27)"(det X(t))Y/ :

where Z( ) ((1 tit; )7 )1§i,j§2n-
Note that (27)~"(det Z( ))~1/2 is the density of the Gaussian vector
(F(t),.... F(tn)) at (0, 0).

This heuristic discussion can be justified in the framework of
Malliavin calculus.
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Proof of Differential Sign Moment Formula

Lemma.

The conditional distribution of (f'(t),. .., f'(t2,)) given
f(t1) =--- = f(t2n) = 0 has the same distribution with

(qu(t)f(t1), ..., gan(t)f(t2n)).

Here 1 -
i — Lk
(t) = d )
q’() 1_ti2 H 1— tity
1<k<2n
kZi
Note:

n B [Ticicj<on(ti — tj)?
(—1)"qu(t) - - - gan(t) = H,?:,-':l(l o) det (

Sho MATSUMOTO (Nagoya) Zeros and pfaffian
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Proof of Differential Sign Moment Formula

Hence,

a2n
oty - - ~_6t2,,E[sgn f(t1)sgn f(t2)---sgnf(tan)]

=(=1)"(2)" (det (t))"/* - E[f(t2) - - - f(t20)].

Cauchy’s determinant formula and Wick formula give

Tl 11 )
1—1.“2 1<,<J<2n (1_titj 1<ij<2n
Recall Schur's pfaffian
ti—t; B ti—t;
Pf(l—t-t-) o 11 1—tit;
'Y/ 1<i,j<2n 1<i<j<2n 1%
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Proof of Differential Sign Moment Formula

Lemma [Ishikawa-Kawamuko-Okada (2005)].

pf<u) .Hf( L ) :Pf(ﬁ> :
1—t,'tj ij 1_tit:i i (1_titj)2 iJ

Hence we have

a2n

—E[sgn f(t1)sgnf(t2)---sgnf(ta)]
a a 2n

t—t )
H JI-2 ( 1= titj)? ) 1 jcon

We thus finish the proof of the Differential Sign Moment Formula.
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Proof of Sign Moment Theorem

Sign Moment Theorem.

For -1 <t < - <1 < th, <1,

Elsgn f(t1)sgn f(tz) - - -sgn f(t2n)] = <;> " Pf(Kx(t;, tj))1<ij<2n,

Va=)a-2)

where Ky (s, t) = sgn(t — s) arcsin —

Proof. Check
0? s—t
Kao(s, t) = Kyi(s, t) = .
gsor (o) = Kuls. 1) VA =) (1 = 2)(1 — st)?

If we integrate Differential Sign Moment Formula with a good initial
condition, we can obtain Sign Moment Theorem.
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© Proof of Theorems

@ Proof of Absolute Value Moment Theorem
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Proof of Absolute Value Moment Theorem

Lemma.

n

Jm - 5"_>mt 81&1—8E[Sgn f(t1)---sgnf(ta)sgn f(s1)- - -sgnf(sn)]
_ (3) et T () B[ (t) - £(5)]
T

Here we take the limit on the domain satisfying
—l<th<si<b<sH<---<t,<s,<l.
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Proof of Absolute Value Moment Theorem

Proof of Lemma (heuristic).

ﬁlﬁ{sgnf(tl)-~sgnf(tn)sgnf(sl) -sgn f(sn)
=2"E[do(f(t))f'(t1) - - - do(f (ts))f'(ta) sgn f(s1) - - - sgn ( n)l
=2"E[f'(t1)--- f'(t,)sgnf(s1)---sgnf(sy) | f(tr) == f(t,) =0]
x (2m)~"2(det T(t))~/2

2 n/2
= (—) (det ):(t))l/2 -E[f(t1) - f(t,)sgnf(s1)---sgnf(sy)]

]

™

Taking the limits s; — t; gives the lemma since |x| = (sgnx)x. O
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Proof of Absolute Value Moment Theorem

It follows from the previous lemma and Sign Moment Theorem that
E[[f(ts) - f(ta)[] =

n/2 on
- _1/2 . . .
(2) werm) ¥ i g PG s

where ( ) ( )
Koo(t;, t;) Koo(ti, s
IC : _ ] ’ =)
) <K22(5i7t:i) Kzz(sn%))
Thus
) 0" .
lim e g PRCGDcijen = PFOR(E: )1y
1<i<n
Hence

n/2
E[|f(t) - f(ta)] = <;> (det X(t)) ™2 PF(K(t:, 1)), -
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© Proof of Theorems

@ Proof of Real Zero Correlation Theorem
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Proof of Real Zero Correlation Theorem

Recall the correlation function pi(t1,. .., t,) for the real zeros of the
random power series f(z).

Lemma [Hammersley (1954)].

"ty
pn(ta ) (27)7/2/det ¥ (t)

Using the lemma for the conditional expectation,
Ph(ty, ..., ty) = (2m) "2 (det T(t))V2 - E[|f(t1)f(t2) - - - F()]]-
Hence it follows from Absolute Value Moment Theorem that
pr(ty, ... ty) =7 "PH(K(t;, t;))1<ij<n-
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© Proof of Theorems

@ Proof of Complex Zero Correlation Theorem
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Proof of Complex Zero Correlation Theorem

Recall the correlation function p¢(z, ..., z,) for the complex zeros of
the random power series f(z).

Unlike f(t) (=1 < t < 1), the random variable f(z) (z € D\ R) is
not Gaussian but Rf(z) and 37 (z) are real Gaussian.
Hammersley's formula gives

Pz, z0) =E[|f'(21) - ()] | (1) = - = f(21) = 0] pr(0),
where pr(0) is the density of the Gaussian vector
(Rf (1), Sf(z1), ..., Rf(z,),3F(2))

at (0,0,...,0,0).
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Proof of Complex Zero Correlation Theorem

with z,.; =2 (j=1,2,...,n).
It is easy to see that ps(0) = 7~ "(det M)~1/2,
We can see that

E[[f'(z1) - F(za)]* | f(z2) = - = f(2,) = 0]
=(=1)"(det AE[|f(z1) - - £(za)[’]-

The mean value can be computed by Wick formula:
E[|f(z1)--- f(z,)]?] = Hf A.
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Proof of Complex Zero Correlation Theorem

Hence
(—1)"(det A)(Hf A)

(z1,...,2,) = .
prln ) = e

Applying Ishikawa-Kawamuko-Okada formula, we obtain

. 1 LS |
Z1y. ey 2Zp) =
pn( 1 ) (7‘(‘ /_1)njl:! |]_—zj2|

Z. —_— Z.
< (_1)n(n71)/2 Pf < / J >
(1-2zz)? 1<ij<2n

with z,,; = Z;. Changing the order of rows/columns in the Pfaffian,
we finish the proof of Complex Zero Correlation Theorem.
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@ Conclusion
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We have studied the random power series

f(z) = Z az®.
k=0

Here {ax}3°, are i.i.d. Ng(0,1).
The radius of convergence of f is 1 almost surely.
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Review

Complex Zero Correlation Theorem.

Let z, ..., z, be complex numbers and assume |z| < 1 and
3(z;) > 0 for all i. The n-point correlation function for the complex
zeros of f is given by

polz1, .y 20) = (F\/_) H |1 — | Pf(K(z;, ZJ))1<,J<n

Ke(z,w) = (%izw)z = Zx)2>

with

(1-zw)?2  (1—zw)?
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Review

Real Zero Correlation Theorem.

Let t1,...,t, be real numbers satisfying —1 < t; < 1 for all /. The
n-point correlation function for the real zeros of f is given by

Pulty, -5 ta) = 77" PE(K(t;, tj))1<ij<n-

Here each K(s, t) = (ﬁ;i%ig Eigg) is a 2 X 2 matrix defined by

s—t 1-t2 1
Kii(s, t) = Kia(s, t) = | - ——
(5 ) 1-s9)(1- 1) (1—st)2’ 20 =y —a T

1-s2 1
Kals )=\ 1—ai—w

Koa(s, t) =sgn(t — s) arcsin

(1—s2)(1—1¢?)
1— st
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0 Kio(ty, t1) Kii(t, o) Kio(ty, t)

r 1 0 Koi(t1, t2) Koo(ty, to)
palty 1) = 5 P 0 Kplb, b)
0

1
IP(Ku(tl, t1)Kia(ta, o) — Kya(t1, t2)Koo(ta, ta2)
+ Kio(t1, t2)Koi (81, t2))

_ (t — 1)
72(1 — ) (1 — £2)(1 — t1tp)?
_ 1 42 1 42
. [t~ ti ey VA== 8)
20/ (1 — 2)(1 — £3)(1 — tytp)? 1—tit
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Absolute Value Moment Theorem.

Suppose t1,. .., t, are distinct. Put X(t) = (

1 )
G ) gij<n

E[F(1) - F(t)]] = (2)"° (det £(©) 2 PAK(t: t)r<rjen
Sign Moment Theorem.

If —1<t;<--- < t, <1, then

E[sgn f(t1) sgn f(2) - - - sgn f (t2n)] = P (E[sgn £ () sgn f(£)])1<icj<2n

2 n
= (—) Pf(Kao(ti, tj))1<ij<2n-

™

v
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