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1. Introduction
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Domain Difference

Princess-Monster game
The difference of the Hunter vs Rabbit game

The Monster catches the Princess if distance of
two players smaller than the some value.

R. Isascs(1965)

R. Isaccs analyzed this S. Gal analyzed this
game on : game on
l

After that, this game has been investigated by Alpern,
Zelekin, and so on.
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Players Difference

Deterministic pursuit-evasion game
The difference of the Hunter vs Rabbit game

@ We consider a runaway hide a dark spot, for
example a tunnel.

@ The number of players is greater than the Hunter
vs Rabbit game.

T. D. Parsons(1976, N. Megiddo et al.

1978) (1988)

Parsons innovated Computation time of the
search number of a graph
IS
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Investigation of Hitting time(1)

Hunter vs Rabbit game

This game is studied about the expected value of
rounds that the hunter catches the rabbit.
R. Aleiunas et al.(1979)
@ O(nm?)
M. Adler et al.(2003)
@ O(nlog(diam(G)) for any graph, if the hunter
chooses a good strategy.
@ Q(nlog(diam(G)) for a special graph, if the rabbit
chooses a good strategy.
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Investigation of Hitting time(2)

Y. Ikeda(2013)
@ 16nlog(diam(G)) + 24n for any graph, if the

hunter chooses a good strategy.
@ n(688 + log(diam(G))/2)/1376 for a special
graph, if the rabbit chooses a good strategy.
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Our formulation

@ We propose three assumptions for a strategy of
the rabbit.

@ We have the general lower bound formula of a
probability that the hunter catches the rabbit.

@ The strategy of the rabbit is formalized using a one
dimensional random walk over Z.
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Our result(1)
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Our result(2)

@ We develop a simulation program to simulate the
Hunter vs Rabbit game using C++.

@ We confirm our bounds formula, and asymptotic
behavior of those bounds by results of simulations.
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Our result(3)

@ We show the transition probability for given
strategies.

@ In our program, we compute random walks using
the digamma function.

@ To simulate the Hunter vs Rabbit game, we have to
use the digamma function.

@ We also summarize the property of the digamma
function and the relation between transition
matrices of random walks and the digamma
function.

@ We show experimental results with our program.
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2. Definition of Random Walks
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Definition of random walks of the rabbit(1)

@ LetN € N be fixedand Vy =1{0,1,2,...,N - 1}.

@ We denote by XéN) a random variable defined on a
probability space (Qn, Fn, un) taking values in Vy
with

2015.3.18
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Definition of random walks of the rabbit(2)

o Let XiN),XZ(N), ... be independent, identically
distributed random variables defined on a
probability space (2, ¥, P) taking values in the
integer lattice Z.
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Definition of random walks of the rabbit(3)

o Let XiN),Xz(N), ... be independent, identically
distributed random variables defined on a
probability space (€2, ¥, P) taking values in the
integer lattice Z.

@ A one-dimensional random walk {Sp}7_, is defined

by )
=1

@ A rabbit’s strategy {RS,N)}:OZO is defined by

RV = x and RYY = (XY +S, mod N).

) RN) . the position of the rabbit at time n on Vy.
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Definition of random walks of the hunter

@ LetY,,Y,,...beindependent, identically
distributed random variables defined on a
probability space (Qq, F4, P4) taking values in
the integer lattice Z with

Py {lY1] <1} = 1.

@ Hunter's strategy {Wr(,N)}:o:O is defined by

n
HéN) —0 and HM = (Z Y; mod N).
j=1

° 7~(r(,N) . the position of the hunter at time n on Vy.
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The hunter catches the rabbit

PO = un x P and BN = Py x PO,

@ We will discuss the probability that the hunter
catches the rabbit until time N on Vy, that is,

B(N) (LNJ (#) = R)

n=1

@ We investigate the asymptotic estimate of this
probability as N — oo.

M A7 (JukEEL D3) MBS 5 7 LOEHERES — ADfHT L > I 2 2015.3.18

28/83



3. Lower bounds of probabilities
that the hunter catches the rabbit

M A% (JLKEEE D3) MBS 5 7 LOEHERES — ADfHT L > I 2 2015318  29/83



We define conditions (Al), (A2) and (A3) as follows.

(A1) Arandom walk is strongly aperiodic, i.e. for each
y € Z, the smallest subgroup containing the set

ly+kez|P{x™ =k}>o

IS Z,
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We define conditions (Al), (A2) and (A3) as follows.

(A1) Arandom walk is strongly aperiodic, i.e. for each
y € Z, the smallest subgroup containing the set

ly+kez|P{x™ =k}>o
IS Z,

n2) P{(xM =kl =P {xN =k} (ke2z),
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We define conditions (Al), (A2) and (A3) as follows.

(A1) Arandom walk is strongly aperiodic, i.e. for each
y € Z, the smallest subgroup containing the set

ly+kez|P{x™ =k}>o

IS Z,
n2) P{(xM =kl =P {xN =k} (ke2z),
(A3) There exist 8 € (0,2], c. > 0 and & > 0 such that

Z el@kp _ k} =1-c.|6F + O(l6f ™).

kez
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Remark.

Let
1
k #0
a N\t — = 2°°1
1--) — (k=0).
azma (k=0)

Then, 8 = a -1 for @ € (1, 3]. When 8; < 8, where
:81,,82 € (07 2]1

Pﬁl-‘rl {Xt — k} > P,82+1 {xt — k} .
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Main theorem
Assume that X; satisfies (A1) — (A3). If B8 € (0, 2], then

there exists constants ¢c; > 0, ¢, > 0 and ¢4 > 0 such
that for N € N\ {1},

N
P;N) U {RﬁN) = (y, mod N)}

n=1

C1 (B €(0,1)),

1 _
= logN-+cp (ﬂ o 1)’
N (B € (1,2]).

\Y
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Proposition 1

For N € N\ {1},

(N) (N) _
N-1 ~(N) < Pg [U {R” = (yn mod N)}
2izo P,
where [y]y = {y + kN | k € Z} and

w1 (i=0),
Pi = |y|r2,a;(ezp [Sielyln}) (ieN).
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Proposition 1

For N e N\ {1},

ZIN:—Ol pi(N)
where [y]y = {y + kN | k € Z} and

w1 (i=0),
Pi = |y|r2,a;(ezp [Sielyln}) (ieN).
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Proposition 2
If a one-dimensional random walk satisfies (A2),

1 2 2] 2]
P{Shellln) = N + i Z | @" (%) cos (%I
/2

1<j<(N-1
+JN(n, |),
where
1 4n TENE
=¢"(m)cos(nl)  (if Nis even),
— N
JN(”")—{ 0 (if N is odd ).

|
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Proposition 3

Assume (A1) — (A3). Then there exists a constant
cg > 0, cg > 0 and c19 > 0 such that

- Ca (8 € (0,1)),
1
pi) < 09N +¢co  (8=1),
=0 cioNE-D/A (B € (1,2]).

From Proposition 1,
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Proof of Proposition 3 (1)
re(O,n) &35, (A3) &0,
¢(60) = 1 —c.|of + O (|9 **).
6] < riZxf L,
|#(6) - (1 - c.l6P)| < C.l6P*
b L DI ?&C BEBIENTES., IHIT

1 1
C.rf<=c,andc.’ <=
2 3

B EIITHNSL e (0|2 BT ENTE
5, ZDEZP <r LT,

1 3 1
_2c||ﬁ 11-¢(0)| < 2c|| >
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Proof of Proposition 3 (2)

In 1967, F. Spitzer showed that a strongly aperiodic

random walk (A1) has the property that |¢(6)| = 1 only

when 6 is a multiple 2. From the definition of ¢(6),

|¢(9)| is a continuous function on the bounded close set

[-7, —1.] U [r., 7], and |¢(6)| < 1 for 6 € [-n, 7]. Hence,

there exists a p. < 1, depending onr, € (0, n], such that
max |¢(6)| < p..

r.<|0|<m

From (A2), ¢(0) takes a real number. Therefore, from
0<|1-¢(0)<1/2,forde(-r.,0)U(0,r,),

> <0(0) = |o(0)] < 1.
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when 6 is a multiple 2. From the definition of ¢(6),
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From (A2), #(0) takes a real number. Therefore, from
0<|1-¢(0)<1/2,forde(-r.,0)U(0,r,),

> <0(0) = |o(0)] < 1.
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Proof of Proposition 3 (3)

Let N is even.
Then, from Proposition 2,

P {Si € [l]n}
1.2 (27) o (27
_N+N Z ¢(N)COS(NI)
1<j<(N-1)/2
1 .
+N¢I (m) cos(nl).
From cos(6) < 1 forany 0 € R,
p") = maxP (s  [Iy)
1 2 [2)m 1,
< Sty 2 )/2¢(N )+N¢(n).

1<j<(N-1
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Proof of Proposition 3 (4)
From max. ieix [6(8)] < p.,
¢'(n) < ol
and

2j7r) N-1
<

(
(r./(27))N<j<(N-1)/2 N
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Proof of Proposition 3 (5)

Then
N-1
pi(N) S 1 + q)N —l_ ’
‘ 1 —P*
i=0
where N
1- |6 (%)
21-Jo
(bN - Z ' 2]7T
1<j<(r./(27))N ¢

From |¢(0)| < 1 for any |0] < .,

< i

1<j<(r./(27))N
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Proof of Proposition 3 (6)

We consider the case of 8 € (0, 1]. We decompose the
right-hand side of the above to obtain

Z 2 1 B
N1 oz = Ot En
v N1-0(Z)

b — p-1 5
1<j<(r./(27)N

2 1 1
En = Z N l_¢(2l{|_n)_c 2jn

1<j<(r./(27))N
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Proof of Proposition 3 (7)

2 2+ Jied

-B
Let ¢y = =—%—=. Then,

[Enl < €11/(1 + & - ).

It is easy to see that

215
W e
logN + (B=1)
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Proof of Proposition 3 (8)
When g € (1, 2],
(1) (2)
Oy < b7+ O,
where N(8) = min {N(ﬁ‘l)/ﬁ, (r*/(27r))N} and
2jr
2 [1-0"(3)

oy = = —,
N Z )N |1_¢(2'{|_7r)

1<j<N(B

o _ 2 1
" N(ﬁ)Si;u/(Zﬂ))N N |1 -¢(%)
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Proof of Proposition 3 (8)
When g € (1, 2],

(DN S (D(Nl) + ¢§\12),

where N(8) = min {N(/H)/ﬁ, (r*/(27r))N} and

2jm
o) — Z E|l—¢N (ZJW) < NGB8
1<j<N(B) N ‘1 - ¢(%)
2 1
q)(NZ) - Z N 2jr )

N(B) <i<(r/(2m)N |1 - (%)




For |6] < 1.,

Therefore,

2)
(DN

Proof of Proposition 3 (9)

%c*m <1-6(0).

2 1
" e s )

N(B)<j<(r./(2n

22 F

=
el
CaT0 N(B)<I<(r./(2m))N

<j<(r./(2

2_
: ﬂ(1+i)N(ﬁ 1IE

IA

IA

o p-1
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4. Transition Matrix
of the Random Walks on a Cycle Graph
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Transition Probability(1)
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Transition Probability(1)

P {xf“ = o}
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Transition Probability(1)

P{xiN):o}+P{x§N):8}+---
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Transition Probability(1)

52/83
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Transition Probability(2)
A transition matrix P(N, P) is defined by

P(N,P) = {Pi’j}osi,jSN—l
where
Piitg = P(i mod N),(i+d mod N)
= Y (Pl =kN+d}+P{x =d-(k+1)N}).

k=0

For example, when we simulate the Hunter vs Rabbit
game using a compulter,

M
Piva = ) (Plx=kN+d}+P{x =d-(k+1)N})
k=0
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Digamma function

The digamma function ¢(x) is defined by

¥(x) = +logF(x)

F(x) = f e 't* dt
0

is the gamma function.

where
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5. Computer Simulation
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@ In this section, we show some experimental results
about the Hunter vs Rabbit game on a cycle graph.

@ We compute P {(S, mod N) = k} by using the
digamma function and the class
discrete_distribution in C++.

@ We can show the probability of the hunter catches
the rabbit and the expected value of the time until
the hunter catches the rabbit using this application.
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Input
@ vertex: the number of vertices
@ strategy_h: a strategy of the hunter
@ strategy_r: a strategy of the rabbit
@ loop: the number of trials
Output
@ average of a time that the hunter catches the rabbit

@ average of a probability that the hunter catches the
rabbit
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main B4

Zlint maini)

= Vi
ELE
+/
srand ({unsigned)t ime (NULL));

= fx
%inb*?ﬂ!ﬁ%&Tﬁ@jDvb
*
int vertex = 500.0;
double sp = 1.0;
int h 0 = 0;
double speed = 0.0;
int strategy_h = RANDOM_SPEED_STRATEGY;
int strategy_r = HELWY_TATLED_RAWDOM _WALE_GiMka ;
int loop = 10003
probability_plot (vertex, sp, h_0, speed, strategy_h, strategy_r, loop);

return 0;
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OV & 5 B %

=void probability plot(int veriex, double sp, int h 0, double speed, int strategy h, int stratezy r, int loop)
{

stdiicout << "Bimulation start” << stdizendl;
ofstrean fuul( prop.dat”);

int h = f_

double p avg = 0.03

Ffsinulation sim(vertex, h, r_0, speed, sp, strategy_h, strategy rl;
for (int r_0 = 1; r 0 < vertex; r_0++)

Aistdicout << “loop 7 << r 0 << stdizendl;
Simu\aliun sin{vertex, hy r_0, speed, sp, stratesy_h, stratesy r)s
double p = sin.probability (Toop);
P_avE += p;
fout << r 0 << " " K p << endls

pavg = p_ave [ veriex;
std:icoul << “average” << p_avg << stdiiendl;

I double lower = lower_bound(veries, stralesy_r, spl;

stdaicout << Tlower™-1:" << 1.0/ lower << stdizendl;
std:icout << "averaze/lower:” << p_ave / lower << std:iendl;
gnuplot ::CGnuplot ge;

gp.SetTitle("The probability of that the Rabbit is caught™);

£p.Command (“set key top™);

gp.Setlabel ("a first position of the Rabhit™, “the prohahility that the rabhit is caught™);

2p.SetiRanze (0, verten);

2p.GetYRange (0, 1);

gp.Command (" lower = %f7, lower);

£ Comnand [ "ave=%f", p_ave);

gp.Command {"plot "prop.dat’ with lines title "a probability thal the Rabbit is caught’, lower with lines t
-DumeToFps Mresult 71
_ KEVWATT

i
=
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rabbit 7 5 ADY 77 T A

class HeavyTailedRandomWalkiG

public:
double operator()(double 3N
double spi//0is A4 —
double v;//HETS 70)].5,.5“2&
HeavyTai IedRandomWalkG() =N ) 5?

double cot(double rad);//cot A%
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BRATHDETE

Sidouble Rabhit:iHeavyTailedRandonlialki: operator () (double )

double g5 = 0.0;
if (k== 03
for (double m = 1.0; m < w; mee)

55 += (cnsEd.D #MPIEm /v) - cos(2.0% WPT #m/v))xlog(2.0 - 2.0 % cos(2.0 % M PL *xm / v));

return (W_PT * (cot(M_PT / w) - cot (2.0 * MPL /w)) /2.0 + g5 /2.0 - v/ 2.00 / (spxw) # 1.0 - (wew + 3.0y + 3.0) / (2.0xspx(v + |
1
else if (k== 1)
for (double m = 1.0; n < w; med] ]
55 += (cos(6.0 * M PIxm / v) - cos{4.0 % W PL *m /v) + cosi2.0

# WPT £ m / v))xloz(2.0 - 2.0 % cos(2.0 *x WPT * m / v));
return (M_PT # (-cob (3.0 % W_PI / v) + cot (2.0 % WP / v) - cot(N_PI

Aw)) /2.0 - logl) + v + 88 /2.0 / (spav);
1
else if (k== 2){
for (double m = 1.0 m < w; med)
55 += (cos(B.0 * W PIxm / v) - cos(B.0% WPl xm /v) - cosi2.0

W PL e nx (v-1.0) /7 w))xlog(2.0 - 2.0 % cos(2.0 W PI £
return (H_PL # (-cot (4.0 % M.PT / w) + cob (3.0 # WPL / v] + cot (v - 1.0) & WPL / v)) / 2.0 + loglv) + 55/ 2.00 / (sp#v);
1

else if (k==v-2){

far (dnuhle n=1.0;m i+

+{
55 += (-cos(2.0 % M PI* mx (v - 1.0} /v + cos(B.0 % H_PT xm / v) - cos(B

O NPT 2w % (v - 1)/ w)dxlog(2.0 - 2.0 ¢ cos(2.0
return (W_PT # (cot (W_PTx(w - 1.0) / w) - cot (4.0 % K_PT / w) + cot(3

O MPT S w)) /2004 loglv) + 85/ 2.00 / (spev);

else if (k==v-1]{
for (double m = 1.0; m < vi net)f
sg += (cos(2.0 * M _Plxn / vl + cosB.0 x M PL xm / v) - cosid.0

W PL e/ v))*loz(2.0 - 2.0 % cos(2.0 x K_PI * n / v));
return (W_PL * (-cot (W PT / v) - cot{3.0 # M_PT / v] + cotd2.0 ¢ W_PT / ¥)) /2.0 - loglv) + v + 55 / 2.00 / (spxv);
else
for (double m = 1.0; m < w; e+

s += (cog(2.0 * H PIxm o« (k + 2.00 / v) - cos(2.0 « W_PT £ mx (k+ 1.0) /w) + cos(2.0 x M PL xmx (k-2.0)0 /v) - cos(2.0 %

M A (JLREEE D3)
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Example 1. Heavy-tailed random walk
(Adler et al. 2003)
Let

1

Pix =k}= 2a(lk1| +1)(k| +2)

1-— k =0,
2a

where a > 1.
: o B
In this case, 8 =1, c. = 5- and ¢ =

N[

2015.3.18
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Result: Optimal parameter

The number of the Rabbit caught per steps
300 T T T

T
uniform distribution ——
heavy-tailed random walk with a=1.0 ——
250 heavy-tailed random walk with a=2.52 ——
average of hitting time using uniform distribution ——
average of hitting time using heavy-tailed random walk with a=1.0
200 - average of hitting time using heavy-tailed random walk with a=2.52 .

the number of the rabbit caught
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Lower bound

a=1Dk#A, Proposition 3DFEH X » C, = 1.225,
p. = 0785802 & 7425, L7=oT

z

S 2
p; * < —logN + 6.50503.
T

|
o

Proposition 1 £

2 -1
(—2 logN + 6.50503)
T
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Transition matrix

We calculate elements of a transition matrix. Ford # O,

o= a5
“a(N+1)(N+2) o

1 d+2 d+1
Piita = a—N(lﬂ(T)—lﬁ(T)

o)

N N

M A% (JLKEEE D3) MBS 5 7 LOEHERES — ADfHT L > I 2 2015.3.18
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Theorem 4.1. n >4, 2<d <

Piitn—t

Piitn-2

Piiva

Pisya

Piit1

Pi:

Transition matrix

n—2r9H ok

1 o T A P
— (— (—mt— — cot — +cot —) —logn+n
n \ 2 n n n
'

= 2rm 6rm 4rm 2rm
08 —— + cos —— —cos — | log [ 2 — 2e0s =—
n n n n

2rm(n — 1) 8rm Bam 2xm
—eos =" 4 cos —— — cos log (2 — 2cos
n n n n

1
2 bt wid — -

(—vm T+ | Ed+D) rd-2) o ow(d 13)
n n n n

+ cot

2 2] am( 2rmid — 2% —
(((*(J.- md + J—(‘osg m__:i+l)_'_mﬁ i (d 2)—m.-: wm(d l})
— n n n n

2
x log (Q —2cos m)))
n
1 (ﬂ( .3 ﬂ(n—l))
— (= | —cot — + cot — + cot —— | +logn
2 n n n
n-1
1 8a [ 2 -1 2
3 (o T 2 ) (55 2
2 n n n n
1 (w( 3 P '»r)
— —cot— +cot— +cot — | —logn+n
n n n

1 [ 4mm 2
+- ((:(J!——t‘OS— —cos—— | log (2 - 2c
2 n n n

-1
1 (= x o 15 tzm arm 2rm n
— | = |ecot— —cot =— | + = cos — —cos — Jlog ({2 —2cos T — | — —
m s S AED> ( " = n 3

n?+3n+3
2a(n+1}(n +2)

x

i A7 Lk



Result: Lower bound

The probability of that the Rabbit is caught

1 T T T T
a probability that the Rabbit is caught ——
" L(N,a)
=) the average of the probability ——
2 08k .
L&)
0
=
O
T 06 —\ 7
@
+H /
E \’\"\__ WN_/N
Z 0.4 - =\ o NN N
=
[}
O
2
o 02 N
£
i | | | |
] 20 40 60 80 100

a first position of the Rabbit
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Result: Asymptotic behavior

N [1/L(N,a) A  A/L(N,a)
100 | 7.43823 0.4528  3.1672
500 | 7.76437 0.39048 3.03183
1000 | 7.90483 0.37555 2.96866

@ A s an average of a simulation result of a
probability that the hunter catches the rabbit.

@ We can show that for 8 = 1,

LNJ (R = o}] = 1.

n=1

(1 (N)
| log N
N@oo (C*ﬂ' 9 ) PR
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Example 2. Variable tailed random walk
Let

k alk}p+t (k#0)
P{xi =k} = 2 1
1-— k=0
a ; Ijp+1 ( )
where a > 23" iz and S € (0,2].
In this case, ¢, = 2ar(ﬁ+lgrsin(ﬂ7r/2) and ¢ = %.

M A (JLREEE D3) MBS T 7 LIRS — A DT & 3 a
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Lower bound

B=1 a=250D¢ X,

2

-1
5
p™ < = logN + 4.65936.
T

I
O

Proposition 1 £

5 -1
(—2 logN -+ 4.65936)
T
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Transition matrix

When g =1, ford # 0,

1 ( (d\ ([ d
Pi,ier:W(w (N)+¢(1—N))-

Then, we can show that

il (d+0)
d #0),
2 qjp2 (zd
Piitd = aN s;n (N)2
Lz (d = 0)
3a 3aN?

M A (JLREEE D3) MBS T 7 LIRS — A DT & 3 a

2015.3.18

72/83



the probability that the rabbit is caught

Result: Lower bound

The probability of that the Rabbit is caught

1 T T T T
a probability that the Rabbit is caught ——
L(M,a)
0.8 the average of the probability ——
\ {
0.6 —lll— T
srh /
\j. lr(-/
0.4 -
I~ Vet
0w -—W\_F_J\M/\,_\/\_/\
i | | | |
1] 20 40 60 80

i A7 (UREEE D3)

a first position of the Rabbit

2015.3.18
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Result: N = 100, 500, 1000

N [1/L(N,a) A A/L(N,a)
100 | 6.99237 0.318 2.22357
500 | 7.80772 0.25924 2.02407
1000 | 8.15887 0.24015 1.95935

N
NliLnoo(Ciﬂ log N)P;N) (U (R = o}) — 1

n=1
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Example 3. We put

k € {-1,0,1}

1
P{xt—k}—{ 3
0 kei{-1,0,1}.

In this case, § = 2, ¢, = % and £ = 2. Proposition 1
&0

-1
6
((1 + —|NY? ¢ 4.26301)

< pM LNJ {RE,N) = (yn mod N)}].

n=1

2015.3.18 75/83
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Result: Lower bound

The probability of that the Rabbit is caught

1 T T T T
) @ probability that the Rabbit is caught ——

- \ LNy ——
= \ the average of the probability ——/
= 0.8 —\\ [
L&) I

E II lI|l

£ |

T 06\ [
2 \ |

g H‘\ )

= 0.4 f .
= \ /

O \ /

3 \ /

o

E o2l \\ / i
=

0 iy S 1 1 "
1] 20 40 60 80 100

a first position of the Rabbit

2015.3.18 76/83
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6. Conclusion
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Conclusion (1)

@ We formalized the Hunter vs Rabbit game using
the random walk framework.

@ We generalize a probability distribution of the
rabbit’s strategy using three assumptions.

@ We have the general lower bound formula of a
probability that the hunter catches the rabbit.
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Conclusion (2)

Q 113 € (0,1), the lower bound of a probability is a
constant.

@ If 3 =1, the lower bound of a probability is
(s5logN +c2)™

Q If B € (1,2], the lower bound of a probability is
C4hﬂl_ﬁﬂﬂ_

Q Forp=1,

N
o [ o)

n=1

@ We develop a simulation program to simulate the
Hunter vs Rabbit game using C++.
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Conclusion (3)

About our simulation

@ To simulate the Hunter vs Rabbit game in a cycle
graph, we have to use the digamma function.

@ We can confirm our bounds formulas and
asymptotic behavior of those bounds by the result
of simulations.

Another

@ For Heavy-tailed random walk, we find the
parameter that minimize an expected value of time
until the hunter catches the rabbit.
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G. E. Andrews et al. showed that for 0 < p < g and
x#0,-1,-2,...,

and
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G. E. Andrews et al. showed that

(1 = x) = w(x) = 7 cot(ax) = ”Z?;((;;())

and

d - 1
&w(X):kZ:;)(k—*—X)Z.

M A (JLREEE D3) MBS T 7 LIRS — A DT & 3 a
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RANDOM _SPEED STRATEGY:
Ry = |Ro + speed «t] (speed € [0, 1])
HEAVY _TAILED_RANDOM WALK:

1
Rt — { Z*Sp*(lkJrl)(kJrZ) (k # O)
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